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Q\ Abstract 

We prove that if Cay(G; 5*) is a connected Cayley graph with n vertices, and the prime 
factorization of n is very small, then Cay(G; S) has a hamiltonian cycle. More precisely, if p, q, 
and r are distinct primes, then n can be of the form kp with 24 ^ k < 32, or of the form kpq with 
k < 5, or of the form pqr, or of the form kp 2 with k < 4, or of the form kp 3 with k < 2. 
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1 Introduction 

Definition 1.1. Let S be a subset of a finite group G. The Cayley graph Cay(G; S 1 ) is the graph 
whose vertices are the elements of G, with an edge joining g and gs, for every g <G G and seS. 
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It was conjectured in the early 1970's that every connected Cayley graph has a hamiltonian cycle, 
but we are still nowhere near a resolution of this problem. (See the surveys [6. 21.. 26] for discussions 
of the progress that has been made.) One of the purposes of this paper is to provide some evidence 
for the conjecture, by establishing that all Cayley graphs on groups of small order have hamiltonian 
cycles. Our results are summarized in the following theorem: 

Theorem 1.2. Let G be a finite group. Every connected Cayley graph on G has a hamiltonian cycle 
if \G\ has any of the following forms (where p, q, and r are distinct primes): 

1. kp, where 1 < k < 32, with k ^ 24, 

2. kpq, where 1 < k < 5, 

3. pqr, 

4. kp 2 , where 1 < k < 4, 

5. kp 3 , where 1 < k < 2. 

Remark 1.3 ( G510 . It is also known that Cayley graphs with p k vertices all have hamiltonian cycles. 

This work began in the 1980's as an undergraduate research project by D. Jungreis and E. Friedman 
at the University of Minnesota, Duluth, under the supervision of J. A. Gallian, but their results lfT4l 
were never published. (This paper is a revision and extension of the students' work; we include 
statements and proofs of their main results.) We consider only Cayley graphs in this paper; see ifTTl 
for references to analogous work on hamiltonian cycles in more general vertex-transitive graphs with 
a small number of vertices. 

It was originally expected that the numerous available methods would easily prove that every 
Cayley graph on any group of order less than, say, 100 has a hamiltonian cycle. Unfortunately, a 
major lesson of this work is that such an expectation is wildly incorrect. Namely, although the results 
here were not obtained easily, they do not even include all of the orders up to 75. More precisely, 
as can be seen from Fig.[T] combining Theorem 1.2 with Remark 1.3 deals with all orders less than 
120, except: 

• 72 = 2 3 • 3 2 = Sp 2 or 24p, 

• 96 = 2 5 • 3 = 32p, 

• 108 = 2 2 • 3 3 = 36p or 4p 3 , 

• 120 = 2 3 • 3 • 5 = 24p. 

In fact, the situation is even worse than this list would seem to indicate, because the cases k = 16, 
k = 27, and k = 30 of Theorem 1 .2f T I are not proved here: they were treated in the separate papers 



HIE ED after a preprint of this paper was released. 
Outline of the paper. 



Most of the cases of Theorem 1.2 are known (including all of the cases where k = 1). For example, 
C. C. Chen and N. Quimpo [5 ] proved that Cayley graphs of order pq are hamiltonian (in fact, edge- 
hamiltonian), and D. Li lfl"8l proved that Cayley graphs of order pqr are hamiltonian. (However, 
the latter result is in Chinese, so we provide a proof.) The following list of the paper's sections 
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Figure 1: Factorizations of orders up to 120. 



enumerates the main cases that need to be considered. 



^Preliminaries ^Groups of order 4p 2 

Sj3]Groups of order 8p ^Groups of order pqr 

^Groups of order 3p 2 f|7]Groups of order Apq 

2 Preliminaries 



2A Outline of the proof of Theorem 1.2 



i|8] Groups of order 2p 3 
f|9] Groups of order 18p 



Here is a description of how the results of this paper combine to prove Theorem 1 .2 



(1) If k € {2, 3, 5, 6, 7, 10, 11, 13, 14, 17, 19, 22, 23, 26, 29, 31}, then k is either prime or twice a 
prime, so kp is of the form pq, 2pq, p 2 , or 2p 2 . These cases are treated below, in (2ai, (2b i, 



(4a i, and (4b i, respectively, so we need only consider the other values of k. Also, we note 
that the proofs of (|2]l-(|5]l make no use of Q, other than the cases Ap and 8p, so we are free to 
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employ any and all other parts of the theorem in establishing the cases of ([TJ (other than Ap 
and 8p). 



lp 

4p 
8p 
9p 
Yip 
Yap 
16p 
18p 
20p 
2lp 
25p 

27p 
28p 
30p 



Groups of prime order are abelian, so Lemma 2. 1 applies 



See Corollary 2.17 



See Proposition |3.2 
Corollary 



2.3 



applies unless p = 2. If p = 2, then |G| is of the form 2p 2 . 
|G| is of the form 8p (if p = 2) or 4p 2 (if p = 3) or Apq (if p > 3). 
|G| is of the form 3p 2 (if p = 5) or 3pq (otherwise). 
Seed. 

See Proposition |9.1| 

\G\ is of the form 4p 2 (if p — 5) or Apq (otherwise). 
\G\ is of the form 3p 2 (if p = 7) or 3pq (otherwise). 

applies unless p € {2, 3}. In the exceptional cases, \G\ is of the form kp 2 



2.3 



Corollary 
with 1 < k < 4. 
SeeEl. 

\G\ is of the form 4p 2 (if p 
See iflOl . 



7) or Apq (otherwise). 



(2) Assume \G\ = kpq with 1 < k < 5. 



(a) If k = 1. 

(b) If fe = 2 

(c) If fe = 3 

(d) If k = 4. 

(e) If fe = 5. 

(3) Assume \G\ = 

(4) Assume \G\ = 

(a) If fe = 1 

(b) If k = 2. 

(c) If k = 3 

(d) If fe = 4. 



then [G, G] is cyclic of prime order, so Theorem 2.2 applies. 



see Proposition 6. 1 



see Corollary 6.3 



see Proposition 7.2 



see Corollary 6.4 



pqr. See Pi-oposition[6\2|(or 1 18 1). 
kp 2 with 1 < k < 4. 



then |G| = p , so G is abelian. Hence, Lemma 2.1 applies. 



see Corollary 2.24 



see Proposition 4. 1 



see Proposition 5.3 
(5) Assume |G| = kp 3 with 1 < k < 2. 



(a) If k = 1, 

(b) If k = 2, 



then |G| = p is a prime power, so Remark 1.3 applies 



see Proposition 8.1 



2B Some basic results on Cayley graphs of small order 

It is very easy to see that Cayley graphs on abelian groups are hamiltonian (in fact, they are edge- 
hamiltonian [5| and are usually hamiltonian connected [4]): 

Lemma 2.1 ([4]). If G is abelian, then every connected Cayley graph on G has a hamiltonian cycle. 
The following generalization handles many groups of small order: 
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Theorem 2.2 (Keating-Witte 11151 ). If the commutator subgroup [G, G] of G is a cyclic p-group, 
then every connected Cayley graph on G has a hamiltonian cycle. 

For ease of reference, we record a well-known (and easy) consequence of this theorem. 

Corollary 2.3. If \G\ — p 2 q, where p and q are primes with p 2 ^ 1 (mod q), then every connected 
Cayley graph on G has a hamiltonian cycle. 



Proof. We may assume p ^ q, for otherwise \ G\ — p is a prime power, so Remark 1.3 applies. 

Let Q be a Sylow g-subgroup of G. From Sylow's Theorem (2.33 i, we know that Q is normal 
in G. The quotient group G/Q, being of order p 2 , must be abelian. Therefore [G, G] C Q is cyclic 
of order q or 1, so Theorem |2.2| applies. □ 



The proof of Remark fO] actually yields the following stronger result: 
Corollary 2.4 ((20, Cor. 3.3]). Suppose 

• S is a generating set of G, 

• N is a normal p-subgroup of G, and 

• st^ 1 £ N, for all s,t € S. 

Then Cay(G; S) has a hamiltonian cycle. 
2C Factor Group Lemma 



When proving the various parts of Theorem 1.2 we will implicitly assume, by induction on \G\, 
that if N is any nontrivial, normal subgroup of G, then every connected Cayley graph on G/N 
has a hamiltonian cycle. (Similarly, we also assume that if H is any proper subgroup of G, then 
every connected Cayley graph on H has a hamiltonian cycle.) Thus it is very useful to know when 
we can lift hamiltonian cycles from a quotient graph to the original Cayley graph. Here are a few 
well-known results of this type. 

Notation 2.5. For si, s 2 , ■ • ■ , s n € S U S^ 1 , we use 

(si, S2, S 3 ,..., S n ) 

to denote the walk in Cay(G; S) that visits (in order) the vertices 

e, si,sis 2 , sis 2 s 3 , . . . ,sis 2 • •• s n . 



Also, 



• (si, S2, S3, ... , s n ) k denotes the walk that is obtained from the concatenation of k copies of 
{si,s 2 ,s 3 , ...,s„), and 

• (si, S2, s 3 , ... , s„)# denotes the walk (si, s 2 , S3, ... , s„_i) that is obtained by deleting the 
last term of the sequence. 

The following observation is elementary. 
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Lemma 2.6. Suppose 

• S is a generating set of G, 

• H is a cyclic subgroup ofG, with index \G : H\ = n, 

• si, s 2 , ■ ■ ■ ,s n is a sequence of n elements of SU S^ 1 , such that 

o the elements e, S\, SiS 2 , S\S 2 Ss, • • • , s\S 2 • • • s„_i are all in different right cosets of H, 
and 

o the product S\S 2 S3 • • • s n is a generator of H. 

Then (s l7 . . . , s n )\ H \ is a hamiltonian cycle in Cay(G; S). 

The assumptions on the sequence si,s 2 , . . . ,s n can also be expressed by saying that a certain 
quotient multi graph has a hamiltonian cycle: 

Definition 2.7. If H is any subgroup of G, then H\Cety(G; S) denotes the multigraph in which: 

• the vertices are the right cosets of H, and 

• there is an edge joining Hg\ and Hg 2 for each s e S U S^ 1 , such that g\s G Hg 2 . 

Thus, if there are two different elements s\ and s 2 of S U S^ 1 , such that g\Si and g\s 2 are both in 
Hg 2 , then the vertices Hgi and Hg 2 are joined by a double edge. 

When the cyclic subgroup H is normal, we have the following well-known special case: 

Corollary 2.8 ("Factor Group Lemma"). Suppose 

• S is a generating set of G, 

• N is a cyclic, normal subgroup ofG, 

• (siN, . . . , s n N) is a hamiltonian cycle in C&y(G/N; S), and 

• the product Sis 2 ■ ■ ■ s n generates N. 

Then (si, . . . , Sn)'^' is a hamiltonian cycle in Cay(G; S). 

When \H\ (or \N\) is prime, it is generated by any of its nontrivial elements. So, in order to 
know that there is a hamiltonian cycle for which the product s\s 2 ■ ■ ■ s n generates H, it suffices to 
know that there are two hamiltonian cycles that differ in only one edge: 

Corollary 2.9. Suppose 

• S is a generating set of G, 

• H is a subgroup ofG, such that \H\ is prime, 

• the quotient multigraph H\C&y(G; S) has a hamiltonian cycle C, and 

• C uses some double edge of if\Cay(G; S). 

Then there is a hamiltonian cycle in Cay(G; S). 

Definition 2.10. We say that a generating set S of a group G is minimal if no proper subset of S 
generates G. 

Corollary 2.11. Suppose 
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• N is a normal subgroup of G, such that \N\ is prime, 

• the image of S in G/N is a minimal generating set of G/N, 

• there is a hamiltonian cycle in Cay(G/iV; S), and 

• s = t (mod N) for some s, t € S U S" 1 with s 7^ t. 

Then there is a hamiltonian cycle in Cay(G; S). 



We will also use the following generalization of Lemma 2.6 
Lemma 2.12 ([25 , Lem. 5.1]). Suppose 

• K is a normal subgroup of a subgroup H of G, 

• (si, S2, • ■ ■ , s n ) is a hamiltonian cycle in the quotient H\C&y(G; S), and 

• the product S1S2 • • • s n generates H/K. 

Then (sj, S2, . . . , s n )' H ' K ' is a hamiltonian cycle in K\C&y(G; S). 

The theory of "voltage graphs" [12, Thm. 2.1.3, p. 63] (or see 12 Thm. 5.2]) provides a method 
for applying Lemma 2.6 Here is one example that we will use: 

Theorem 2.13 (Locke-Witte, c.f. 0E Prop. 3.3]). Suppose 

• Cay(G; S) is connected, 

• N is a normal subgroup of G, 

• \N\ is prime, and 

• for some k, Cay(G/-/V; S) is isomorphic to either 

o Cay(Z4fe; {1, 2k}) (a non-bipartite Mbbius ladder), or 

o Cay(Z 2fe x Z 2 ; {(1, 0), (0, 1)}) (a bipartite prism), with 2k ^ 1 (mod \N\). 

Then some hamiltonian cycle in Cay(G/iV; S) lifts to a hamiltonian cycle in Cay(G; S). 



2D Applications of Lemma 2.6 



For future reference, we record some special cases of Lemma |2.6| Although the hypotheses of these 
results are very restrictive (and rather complicated), they will be used many times. 

Lemma 2.14 (Jungreis-Friedman Jl4l Lem. 6.1]). Let {si, s 2 } generate the group G. If 

. 2| Sl |-|[ Sl , S2 ]| = |G|, 

• s 2 i (s 1 )([s 1 ,s 2 }), 

• ([si,s 2 ]) n (si) = {e}, and 

• ([s 1 ,s 2 ])n(sj 1 (si)s 2 ) ={e}, 

then Cay(G; {s%, s 2 }) has a hamiltonian cycle. 
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Proof. For convenience, let 7 = [si, S2] — s^ 1 s 2 ^ 1 siS2- We claim that 

(4-|-U-\ s r (kiM U) w 

is a hamiltonian cycle. This will follow from Lemma [Z6] if we show that the vertices of the walk 
(sj 81 ' -1 } S2 1 , s^' 81 ' -1 ^) are all in different right cosets of (7). 

Note that the vertices in this walk are all in (si) or s^ 1 s^ 1 (si), and that 

= <7)(srV*iS2KV<Si) = (T)^ 1 ^!). (2-15) 

• Since (7) n (s{) — {e}, we know that all of the elements of (si) are in different right cosets. 

• Since (7) n s^ 1 ( si)S2 = {e}, we know that all of the elements of s 2 ^ 1 (si) are in different 
right cosets. So (2.15 1 implies that all of the elements of (si) are in different right 
cosets. 

• Since s^ 1 ^ (7) (si), we know that 

( 7 )( S i)n( 7 ) S2 - 1 ( S i)=0. 



So (2.15 1 implies that none of the elements of (si) are in the same right coset as any element 

of sl T sf 1 (si). □ 



Lemma 2.14 will be used many times; here is an example. 

Corollary 2.16. If G = Z 3 * x (Z 2 x Z 2 ), for some k € Z + , f/zen every connected Cayley graph 
on G has a hamiltonian cycle. 



Proof. We may assume Z 3 k acts nontrivially on Z 2 x Z 2 , for otherwise G is abelian, so Theorem 2.2 



applies. Then #S = 2, and some element si of 5 generates (a conjugate of) Z 3 k. The other 
element s 2 of 5 is of the form s\y with y E Z 2 x Z 2 , so we have 

[si,s 2 ] = [si,y] e (Z 2 x Z 2 ) - (y), 

so it is easy to verify the hypotheses of Lemma |2.14| □ 

Corollary 2.17. If \G\ — 4p, where p is prime, then every connected Cayley graph on G has a 
hamiltonian cycle. 



Proof. Corollary 2.3 applies unless p = 3. However, if p = 3, then either the Sylow 3-subgroup is 



normal, so the argument of Corollary 2.3 applies, or G = A4 = Z3 x (Z 2 x Z 2 ), so Corollary 2.16 



applies. □ 

Lemma 2.18 (Jungreis-Friedman lfl4l Lem. 7.1]). Let S be a minimal generating set for the group G. 
If there exist two distinct generators S\, s 2 £ S such that: 

. \ 8x a i \ = \G\l\(S-{8 1 \)\, 

• (sis 2 ) fl (S — {si}) = {e}, and 

• there is a hamiltonian cycle in Cay((5 — {si}); S — {si}), 
then there is a hamiltonian cycle in Cay(G; S). 



Ars Mathematica Contemporanea x (xxxx) 1-x 



9 



Proof. Let (ti)" = i be a hamiltonian cycle in Cay ((5 — {si}); S — {si}). Since S is a minimal 
generating set for G, we know that s 2 or its inverse must appear somewhere in this cycle, and by 
choosing a different starting point if necessary, and reversing the cycle if necessary, we can assume 
without loss of generality that t n = s^ 1 . Then tit% . . . t n -\ = s%. 

Since (S1S2) H (S — {si}) = {e}, conjugating by s^ 1 tells us that (s 2 si) n (S — {si}) is also 



trivial. So the elements of (S — {s%}) are all in different right cosets of (S2S1}. Therefore Lemma 2.6 
tells us that 

fix \n-l \ l s i«2 I 
(.W<=1 ,8x) 

is a hamiltonian cycle in Cay(G; S). □ 

Corollary 2.19. Let S be a minimal generating set for the group G. If there exist two distinct 
generators Si,s 2 € S, such that 

• Cay((5 — {si}); S — {si}) has a hamiltonian cycle, and 

• \sis 2 \ = \G\/\(S - {si})\ is prime, 
then there is a hamiltonian cycle in Cay(G; S). 



Proof In order to apply Lemma 2.18 we need only show that (S1S2) n (S — {s%}) = {e}. Suppose, 
to the contrary, that (S — {si}) contains a nontrivial element of (sis 2 ). Since |siSa| i s prime, this 
implies that s%S2 E (S — {s%}}. But, since s% and s 2 are distinct, we also have s 2 e (5 — {si})- 
Therefore si G (S 1 — {si}), contradicting the minimality of S. □ 

2E Groups of dihedral type 

Notation 2.20. We use D 2n and Q± n to denote the dihedral group of order 2n and the generalized 
quaternion group of order 4n, respectively. That is, 

D 2n = (f,x\f=x n =e, fxf = x- 1 ) 

and 

Qin = {f,x\ x 2n = e, / 2 = x n , r 1 ^/ - x- 1 ). 

Definition 2.21. 

• A group G is of dihedral type if it has 

o an abelian subgroup A of index 2, and 
o an element / of order 2 (with / ^ A), 

such that / inverts every element of A (i.e., / _1 a/ = a -1 for all a g A). 

• A group G is of quaternion type if it has 

o an abelian subgroup A of index 2, and 
o an element / of order 4, 

such that / inverts every element of A. 

Thus, dihedral groups are the groups of dihedral type in which A is cyclic, while generalized quater- 
nion groups are the groups of quaternion type in which A is cyclic. 

It is not very difficult to show that Cayley graphs on dihedral groups of small order are hamilto- 
nian: 
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Lemma 2.22 (Witte [24 Prop. 5.5]). If n has at most three distinct prime factors, then every con- 
nected Cayley graph on D 2n has a hamiltonian cycle. 

A similar argument also yields a result for other groups of dihedral type: 

Proposition 2.23 (Jungreis-Friedman |[T4l Thm. 5.4]). If G = Z2 K A is of dihedral type, and \A\ 
is the product of at most three primes (not necessarily distinct), then every connected Cayley graph 
on G has a hamiltonian cycle. 

Proof. Let S be a minimal generating set of G. Since every element of j A inverts A, it is easy to 
see that we may assume SnA = (cf. EU Thm. 5.3]), and that f e S. 

• If A is a p-group, then Corollary |2 ,4| applies . 

• If A is cyclic, then G is dihedral, so Lemma [2 . 22 1 applies . 

Thus, we may assume A = Z p x Z p x Z 9 , where p and q are distinct primes. 
Note that fS — {e} must be a minimal generating set of A. 

Case 1. Assume fS contains an element x of order p. Then fS — {x} must generate a subgroup of 
order pq (necessarily cyclic), so (S — {fx}) = D2 Pq \ let (si, S2, . . . , S2 Pq ) be a Hamiltonian cycle 
in Cay(D2 Pg ; S — {fx}). We may assume S2 Pq = /■ The vertices of the path (si, S2, . . . , S2 Pq )4t z 



are all in different right cosets of (x), so Lemma 2.6 implies that ((si, S2, ■ • ■ , S2 Pq )#, /#) is a 
hamiltonian cycle in Cay(G; S). 

Case 2. Assume fS does not contain any element of order p. Then S — {/, fx, /2}, where //x and 
f f% both have order pq (and , 7/2) = A = Z p x Z p x Z g ). We may assume p > 3, for otherwise 



[G, G] = Z 9 , so Theorem 2.2 applies. Then, since at least one of any four consecutive integers is rel- 
atively prime to pq, there exists k € {0, 1, 2, . . . ,p}, such th at (f 2f) p (.f fi) k generates (ffi). This 



means that (/ 2 /) p - fc (/ 2 /i) fc generates (/A), so Corollary Q implies that ((f 2 f) p - k , {hhf) 
is a hamiltonian cycle in Cay(A; {/ 2 /, /2/1}). Then it is clear that ((/ 2 , (/ 2 , ,/i) fe ) is a 

hamiltonian cycle in Cay(G; {/, fx, /2M. □ 

Corollary 2.24. // |G| = 2p 2 , w/jere p is prime, then every connected Cayley graph on G has a 
hamiltonian cycle. 

Proof. Either [G, G] is cyclic of order p (so Theorem |2.2| applies) or G is of dihedral type, so Propo- 
sition 2.23 applies. □ 

Corollary 2.25 (Jungreis-Friedman cf. [H Thm. 5.1]). If n is the product of at most three primes 
(not necessarily distinct), then every connected Cayley graph on any group of quaternion type of 
order An has a hamiltonian cycle. 

Proof. Let Cay(G; S) be such a Cayley graph, and assume, without loss of generality, that S is a 
minimal generating set for G. Let A be an abelian subgroup of index 2 in G, and let f £ S, with 
/ ^ A. The n (f 2 ) is a normal subgroup of order 2 in G. Furthermore, G/ (f 2 ) is of dihedral ty pe, so 



Proposition 2.23 implies there is a hamiltonian cycle in Cay(G/(/ 2 ); S). Therefore, Corollary 



applies with s = f = t 



2.11 



□ 



Remark 2.26. If G is a group of dihedral type, and |G| is divisible by 4, then B. Alspach, C. C. Chen, 
and M. Dean [3 1 have shown that every connected Cayley graph on G has a hamiltonian cycle. In 
fact, the Cayley graphs are hamiltonian connected (or hamiltonian laceable when they are bipartite). 
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2F Generator in a cyclic, normal subgroup 

The following observation is well known. 

Lemma 2.27. Let S generate G and let s £ S, such that (s) < G. If 

• Cay (G/ (s) ; S) has a hamiltonian cycle, and 

• either 

1. s £ Z{G), or 

2. Z(G) n (s) = {e}, or 

3. | s | is prime, 

then Cay(G; S) has a hamiltonian cycle. 

Proof. Let (si, s 2 , . . . , s„) be a hamiltonian cycle in Cay(G/(s); £>), and let k — \sis 2 ■ ■ ■ s„|, so 
(si, S2, . . . , s n ) k is a cycle in Cay(G; S). 

^ Since s e Z{G), it is easy to see that Cay(G; 5) contains a spanning subgraph isomorphic 
to the Cartesian product P n x Ci j of a path with n vertices and a cycle with |s| vertices. Since it is 
easy to see that this Cartesian product is hamiltonian J4] Cor. on p. 29], we conclude that Cay(G; S) 
has a hamiltonian cycle. 

Q Let m = \G\/(nk). We claim that 

(s m -\s 1 ,s m - 1 ,s 2 ,s m -\...,s m -\s n ) k 

is a hamiltonian cycle in Cay(G; S). 
Let 

ffi = (sis 2 ■ ■ ■ Si)' 1 for < i < n, so ffifi^i = 
and note that, since (si, S2, . . . , s n ) is a hamiltonian cycle, we know that 

{lj 3i j 32: ■ • ■ j <7n-i} is a complete set of coset representatives for (s) in G. 

Then, for any h E G, 

{/i, gih, g 2 h, . . . , g n ~ih} is also a set of coset representatives. 

Also, since (s) is abelian, we know that if x and y are elements in the same coset of (s), then 
s x = s y . Thus, for any t £ (s), we have 

{t, t 9 \t 9 \..., t 9 - 1 } = {t\ i Slh , i 92h , . . . , 

so 

because both products have exactly the same factors (but possibly in a different order). Since the 
right-hand product is (tt 9l t 92 ■ ■ ■t 9n ~' L ) , and h is an arbitrary element of G, we conclude that 
tt 9l t 92 ■ ■ ■ t 9 "- 1 £ Z(G). Since Z(G) has trivial intersection with (s), this implies that 



tt 9l t 92 ■ --t 9 "- 1 = e. 
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Therefore 
Therefore 

((s ro - 1 )ai(s m - 1 )a 2 • • • {s m ~ x )s n ) k = g~ k = ( Sl s 2 ■ ■ ■ s n ) k = e, 

so the walk is closed. Furthermore, since m = \(s)/{g n )\, it is clear that the walk visits every 
element of (s), and it is similarly easy to see that it visits every element of all of the other cosets. So 
it visits every element of G. 

Since it is also a closed walk of the correct length, we conclude that it is a hamiltonian cycle. 

([3| Since \s\ is prime, either (|TJ or (|2]» must apply. □ 

The following related result is much less obvious. 
Theorem 2.28 (Alspach El Thm. 3.7]). Suppose 

• S is a generating set of G, 

• seS, 

• (s)<G, 

• \G : (s)\ is odd, and 

• Cay(G/ (s); 5) has a hamiltonian cycle. 

Then Cay(G; S) has a hamiltonian cycle. 

A well-known theorem of B. Alspach [ 1 1 describes exactly which generalized Petersen graphs 
have a hamiltonian cycle. We need only the following consequence of this very precise result. 

Theorem 2.29 (B. Alspach [ 1 ]). Suppose X is a generalized Petersen graph that is connected, and 
has 2n vertices. If n ^ (mod 4) and n ^ 5 (mod 6), then X has a hamiltonian cycle. 



2G A few small groups 

For future reference, we record the existence of hamiltonian cycles in every connected Cayley graph 
on the groups S4, A 4 x Z 2 , A4 x Z 3 , and A 5 . Only a few non-isomorphic Cayley graphs arise on 
each group, and a computer search could quickly find a hamiltonian cycle in each of them, so, for 
brevity, we omit some details of the proofs. 

Lemma 2.30 ( II 141 Thm. 8.2]). Every connected Cayley graph on the symmetric group S4 has a 
hamiltonian cycle. 

Proof. Suppose S is a minimal generating set of S4. Note that S must contain an odd permutation; 
that is, S contains either a 2-cycle or 4-cycle. 

Case 1. Assume #5" = 2. Write S = {a, b}. 
If a is a 4-cycle, then we may assume 



a = (1,2, 3, 4) and 6 G {(1,2), (1,2, 3), (1,2, 4,3)}. 



In each case, Lemma 2.14 provides a hamiltonian cycle in Cay(S < 4; S). 
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Now suppose S contains no 4-cycles. Then we may assume a = (1,2) and b = (2,3,4). In this 
case, a hamiltonian cycle is given by ((a, 6 2 ) 2 , (a, b~ 2 ) 2 ) . 

Case 2. Assume #S > 3. Since S is minimal, it is easy to see that #5 = 3; write S = {a, b, c}. 

Subcase 2.1. Assume a — (1, 2)(3, 4). Let N be the normal subgroup of order 4 that contains a. 
Then, since (S) = S4, we have (b,c)N = S4. Furthermore, since the action of S4/N on N is 
irreducible, the minimality of S implies (b, c) n N is trivial. So (b,c) = S4/N = S3. Then, 
conjugating by a power of (1, 3, 2, 4) (which centralizes a), there is no harm in assuming that (b, c) = 
S3. So we may assume {b, c} is either 

{(1,2), (2,3)} or {(1,3), (2, 3)} or {(1,2,3), (1,2)} or {(1,2,3), (2,3)}. 



If (2,3) € S, then Lemma 2.18 applies with Sj = (1,2)(3,4) and s 2 = (2,3). In the remaining 
case, let b = (1, 2, 3) and c = (1, 2), and let L be any hamiltonian path in Cay(^4; {a, &}) from e 
to b. Then (L, c) 2 is a hamiltonian cycle in Cay(S , 4; S). 

Subcase 2.2. Assume S does not contain any even permutation of order 2. Then, since S is a 
3-element, minimal generating set, it is not difficult to see that S cannot contain a 4-cycle. So S 
consists entirely of 2-cycles and 3-cycles. However, it is known that there is a hamiltonian cycle in 
Cay(S' n : S) whenever S consists entirely of 2-cycles (see the discussion and references on p. 622 
of 1 22 1), so we may assume that S contains at least one 3-cycle. Then, up to automorphism, we have 

S = {(1,2,3), (1,2,4), (1,2)}. 

Let a = (1, 2, 3), b = (1, 2, 4), and c = (1, 2), and let L be any hamiltonian path in Cay (A4; {a, b}) 
from e to b. Then (L, c) 2 is a hamiltonian cycle in Cay(S , 4; S). □ 

We actually need only the cases p = 2 and p = 3 of the following result, but the general case is 
no more difficult to prove. 

Lemma 2.31 (Jungreis-Friedman lfl4l Thm. 7.4]). Ifp is prime, then every connected Cayley graph 
on A4 X Z p has a hamiltonian cycle. 

Proof. Suppose S is a minimal generating set for the group A4 x Z p , and let z be a genera- 
tor of Z p . Note that every minimal generating set of A4 is of the form {(1,2,3), (1,2,4)} or 
{(1, 2, 3), (1, 2)(3, 4)} (up to automorphism), so S has either 2 or 3 elements. 

Case 1. Assume #5" = 2. Write S = {a, b}. 



Subcase 1.1. Assume a = (1, 2) (3, 4)z. We may assume p = 2, for otherwise Corollary 2.11 



applies with N = Z p . Let b be the second element of S; we may assume b is either (1, 2, 3) or 

(1,2,3)2. 

• If b = (1,2,3), then ((6 2 ,a) 2 , (6 _2 ,a) 2 ) 2 is a hamiltonian cycle. 

• If b = (1, 2, 3)z, then (6 5 , a, b~ 5 , a) 2 is a hamiltonian cycle. 



Subcase 1.2. Assume (1, 2)(3, 4)z ^ S. We may assume (1, 2, 3)z G S. Then we may assume 
p = 3, for otherwise it is not difficult to verify that Lemma 2.14 applies with si = (1, 2, 3)z. 
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Let a = (1, 2, 3)z, and let b be the other element of S. Since {(1,2, 3)z, (1, 2) (3, 4)) ^ A 4 x Z 3 , 
we must have b = (1, 2,4)z 4 for some i. By applying an automorphism, we may assume i = 0. 
Then a hamiltonian cycle is given by 

(a~ 2 , 6~ 2 , a 2 , 6, (a -2 , b 2 ) 2 ,a 2 ,b, a~ 2 , 6~ 2 , a, 6, a 2 , &~ , a -2 , 6 2 , a -2 , 6, a , &). 



Case 2. Assume #S = 3. We may assume 5 n Z p = 0, for otherwise Lemma 2.27p " I applies. Then, 



from the minimality of S, it is not difficult to see that we must have p = 3 and (after applying an 



automorphism) S contains both (1, 2, 3) and (1, 2, 3)z, so Corollary 2.1 1 applies (with N = Z p ). □ 



Our proof ifTBI of the following result consists of two pages of unilluminating case-by-case anal- 
ysis, so we omit it. 

Lemma 2.32 ( 1161 ). Every connected Cayley graph on the alternating group A§ has a hamiltonian 
cycle. 

2H Some facts from group theory 

The following well-known consequence of Sylow's Theorems will be used several times. 

Lemma 2.33 ([S] Thm. 25.1]). Suppose G is a finite group, p is a prime number, and P is a Sylow 
p-subgroup of G. If 1 is the only divisor k of\G\/\P\, such that k = 1 (modp), then P is a normal 
subgroup of G 

We recall a few basic facts about the Frattini subgroup. 

Definition 2.34. The Frattini subgroup of a finite group G is the intersection of all the maximal 
subgroups of G. It is denoted ^(G). 

Proposition 2.35 (cf. |ll,Thms. 5.1.1 and5.1.3]). Let S be a minimal generating set of a finite 
group G. Then: 

1. $(G) is a normal subgroup of G. 

2. 5n$(G) = 0. 

3. S is a minimal generating set o/G/$(G). 

4. IfG is a p-group, then $(G) = [G, G] • (g p \ g e G). 

And we also recall some very basic facts about Hall subgroups. 

Definition 2.36. A subgroup H of a finite group G is a Hall subgroup if \H\ is relatively prime to 
\G\/\H\. 

Proposition 2.37 (Ol Thm. 6.4. l(i)]). Let 

• G be a finite group that is solvable, and 

• k be a divisor of \G\, such that k is relatively prime to \G\/k. 

Then G has a Hall subgroup whose order is precisely k. 
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3 Groups of order 8p 

We begin with a special case: 

Lemma 3.1. If \G\ = 8p, where p is prime, and the Sylow p-subgroups are not normal, then every 
connected Cayley graph on G has a hamiltonian cycle. 



Proof. Let P be a Sylow p-subgroup of G. Sylow's Theorem (2.33 1 implies p is either 3 or 7. 

Case 1. Assume p = 3. The normalizer N G (P) is not all of G, so \G : N G (P)\ = 4. Letting G act 
on the cosets of Nq(P) by translation yields a homomorphism from G to S4. Then either G = S4 



(so Lemma 2.30 applies), or Nc{P) contains a normal subgroup N of G, which must be of order 2, 



and thus N C Z(G). 

Since |G/iV| = 12, and the Sylow 3-subgroup is not normal, we have G/N = A 4 . We may 
assume G ^ A4 x Z 2 (otherwise Lemma 2.31 applies), so i t is ea sy to see that G = Z3 x Qg. 



2.16 



Since G/N = A A = Z 3 X (Z 2 x Z 2 ), the proof of Corollary 
is a hamiltonian cycle in Ca,y(G/N; S). Its endpoint in G is [si, s 2 ] 2 . This generates TV (because 



tells us that (s 2 , 



the square of any element of Qg — {±1} is nontrivial), so the Factor Group Lemma (2.8 1 provides a 
hamiltonian cycle in Cay(G; S). 

Case 2. Assume p = 7. It is not difficult to see that we must have G = Z7 x (Z 2 ) 3 . Let 2 and y 
be nontrivial elements of Z7 and (Z 2 ) 3 , respectively. Then, up to automorphism (and replacing 
generators by their inverses), it is clear that every minimal generating is of the form {x, x l y} with i 6 
{0, 1, 2,4}. Furthermore, since x = (x 4 y) 2 (mod(Z 2 ) 3 ), an automorphism carries the generating 
set {x,x 4 y} to {x,x 2 y}; so we may assume i ^ 4. Here are hamiltonian cycles for the three 
remaining cases. 

^ = 0: ((^y) 2 ,(*- 6 , y ) 2 ) 2 , 
i = 1: (x e , xy, xy) 7 , 



□ 



Proposition 3.2 (Jungreis-Friedman (H Thm. 8.5]). // |G| 

nected Cayley graph on G has a hamiltonian cycle. 



0, where p is prime, then every con- 



Proof. Let S be a minimal generating set of G. We may assume p > 2, for otherwise |G| = 16 is 
a prime power, so Remark[L3]applies. We may also assume G has a normal Sylow p-subgroup, for 
otherwise Lemma [3~T] applies . Hence, G = P 2 K Z p where P 2 is a Sylow 2-subgroup of G. 

We assume the commutator subgroup of G is not cyclic of prime order (otherwise Theorem |2.2| 
applies). Hence, P 2 is nonabelian, and acts nontrivially on Z p . The only nonabelian groups of 
order 8 are D$ and Qg. 

Case 1. Assume P 2 = Qg. Since Aut Z p is cyclic, and the only nontrivial cyclic quotient of Qg 
is Z 2 , it must be the case that the kernel of the action of Qg on Z p is a subgroup of order 4. The 
subgroups of order 4 in Qg are cyclic, so it is easy to see that G is of quaternion type. Hence, 



Corollary 2.25 applies. 

Case 2. Assume P 2 = Dg. The argument of the preceding case shows that the kernel of the action 



of D$ on Z p is of order 4. If it is cyclic, then G = D$ p , which is covered by Lemma 2.22 
Henceforth, we assume the kernel is not cyclic, so 



G = {f, 



f = x* = z p = 1 



x' = X 



\z f = Z^J 



16 



Ars Mathematica Contemporanea x (xxxx) 1—x 



Note that, by Lemma 2.27 we may assume S does not contain any element of (z). 
Note that: 

• x 2 is an element of order 2 in Z(G), so x 2 belongs to every Sylow 2-subgroup, and 

• x 2 is in the Frattini subgroup of D% = Gj (z), so x 2 also belongs to every maximal subgroup 
that contains (z). 

Since every maximal subgroup of G either is a Sylow 2-subgroup or contains (z), we conclude that 
x 2 e &(G). Since S is minimal, this tells us that S is a minimal generating set of G/(x 2 ) . There fore, 
we may assume S does not contain any element s such that s 2 = x 2 . (Otherwise, Corollary 2.11 
applies with t = s _1 .) This means that S does not contain any element of the form x ±1 z n . 

Then, since S must generate GJ (x 2 , z), we conclude that S (or S^ 1 ) contains elements of the 
form fxz and fx 2m z n . We may assume: 

• £ = (conjugating by a power of z), 

• tyi — (because we can conjugate by a power of x and replace x with x^ 1 if necessary), and 



• n = (otherwise, we may apply Corollary 2.11 with N = (z) and t 1 = s = fz 11 ) 



Thus, S contains both / and fx. 

Now, in order to generate z, the set S must contain either x 2 z or fx l z, for some i (up to replacing 
z with one of its powers). 



2.6 



shows that 



Subcase 2.1. AssMme x 2 z in S. We must have S = {f,fx,x 2 z} and Lemma 
(fx, f, fx, x 2 z) 2p is a hamiltonian cycle, since fx-f-fx- x 2 z = fz is of order 2p, and the vertices 

e, /x, fx ■ f = x 3 , and x 3 ■ fx — fx 2 

are all in different right cosets of (/, z). 

Subcase 2.2. Assume there is no element of the form x 2 z l in S. Then fx l z G S. Note that i 
must be odd, for otherwise (z) c (fx l z), so (/x, /x 2 z) = G, contradicting the minimality of S. 
Thus, we have 

S = {/, /x, /iz} or 5 = {/, fx, fx 3 z}. 



In the former case, Corollary 2. 1 1 applies (letting s = fx, t = fxz, and N = (z)). 

We may now assume S = {/, fx, fx 3 z}. Because we have G/Z p = D s , it is easy to check that 

(fx, fx 3 z, fx, f, fx 3 z, fx, fx 3 z, f) 

is a hamiltonian cycle in Cay(G/Z p ; S), and we have 

(fx)(fx 3 z)(fx)(f)(fx 3 z)(fx)(fx 3 z)(f) = z 3 . 



If p > 5, this product generates Z p , so the Factor Group Lemma ( |2.8| l tells us there is a hamiltonian 
cycle in Cay(G; S). 

If p = 3, a hamiltonian cycle is given by 

((/, fx) 2 , fx 3 z, f, fx, f, fx 3 z, (fx, f) 2 ,fx 3 z, f, fx 3 z, fx, f, fx 3 z, f, fx, fx 3 z, f, fx 3 z) . □ 
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Proposition 4.1. // |G| 

hamiltonian cycle. 



3p 2 , where p is prime, then every connected Cayley graph on G has a 



Proof. Let S be a minimal generating set of G, and let P be a Sylow p- subgr oup of G. We may 
assume p > 5, for otherwise either \ G\ = 12 is of the form 4p, so Corollary 2.17 applies, or \G\ = 3 3 



is a prime power, so Remark [T3] applie s . Hence, Sylow's Theorem (2.33 1 tells us P < G. Note that 



G/P = Z3 is abelian, so [G, G] C P. So we may assume P = Z p x Z p , for otherwise Theorem 
applies. Thus, we may assume G — Z3 x (Z p x Z p ] 



and [G, G] = Z p x Z p . 



2.2 



Case 1. Aiiwrne IS*! = 3. Write S — {s, i, u}. We may assume s <^ Z p x Z p , so |s| = 3. Because S 
is minimal, we see that (s, t) and (s, u) each have order 3p. Let TAT be the unique subgroup of order p 
in (s, i), and note that N is normal in G (because it is normalized both by ,s and by the abelian group 

'Zip X Sp). 



If t e iV, then Theorem 2.28 applies. 

If t ^ AT, then we may assume s = t (mod N) (by replacing £ with t~ l , if necessary). So 



Corollary 2.11 applies 



Case 2. Assume \ S\ =2. Write S 1 = {s, t}. 

If s and t both have order 3, then we may assume s = t (modZ p x Z p ) (by replaci ng t with 
if necessary). Then st^ 1 is contained in the normal p-subgroup Z p x Z p , so Corollary 2.4 applies. 

We may now assume \s\ = 3 and \t\ = p. 

Let us determine the action of s on Z p x Z p . 

• Define a linear transformation T on Z p x Z p by T(v) = s~ 1 vs, 

• let m(x) be the minimal polynomial of T, and 

• letw = T(t) = s- 1 ts. 

Note that: 



Because \s\ — 3, we know T 3 = /, so m(x) divides x 3 — 1 = (x — l)(x 2 + x + 1). 



• Since | [G, G] | = p 2 , we know that 1 is not an eigenvalue of T. 



• Because (s, i) = G, we know it = T(t) £ (t), so the minimal polynomial of T has degree 2 
(and {t, u} is a basis of Z p x Z p ). 

We conclude that the minimal polynomial of T is x 2 + x + 1. Thus, with respect to the basis {t, u} 
of Z p x Z p , we have T(i,j) = (—j, i — j). In other words, s~ 1 (t 4 u : ' )s = t~iu l ~i , so 

f u J 's = s(s" 1 (tV)s) = s(rV -J ') G (s^tf-i. (4.2) 

The quotient multigraph (s)\Cay(G; S") has the following properties: 

• it has p 2 vertices; 

• it is regular of valency 4; 
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• the vertices are the ordered pairs where 

P~ 1 ^ . ■ , P~ 1 

< 7 < ; 

2 ~ J - 2 

and 

• the vertex is adjacent to: 

(i + (i - and (j - 

where calculations are performed modulo p (see |4.2| i. 
Furthermore, we observe that for any prime p, there are precisely two multiple edges: 

• If p = 3k + 1, then, with j = k and i = 2j, we have 

H,i-j) = - (2fc + l,fc) = (* + l,i), 

and, with j = —k and i = 2j, we have 

(-j, i - j) = (k, -k) = (-2k - 1, — fe) = (< - 

• If p = 3k + 2, then, with j = fc + 1 and i = 2j, we have 

i-3,i-j) = (-fc-l,fc + l) = (2fc + l,fc+l) = 
and, with j = — (fc + 1) and i = 2j, we have 

H, i~j) = (k + 1, -(* + 1)) = (-2fc - 1, -(k + 1)) = (i + 1, j). 

We now construct a hamiltonian cycle in the multigraph. Beginning at the vertex (1,1), we 
proceed along the following sequence of edges (where {n} denotes the remainder when n is divided 

by p, so < {n} < p): 

([(t- i )^y, s -\t^\ s -^%- 3)/2 , 

|- (t - l jCp-6)/2 jS -l )t ( I H-l)/2 >a ] i 

r ' *' ^ ) '* Jj=-(p-i)/2' 



Here s* indicates s unless j = — fe — 1 and p = 3/c + 1, in which case it indicates s , 

We make a few observations that will aid the reader in verifying that this is indeed a hamiltonian 
cycle. We will see that each portion enclosed within square brackets traverses all of the vertices in 
some row of the multigraph, and passes on to the next row; the parameter j represents the row being 
traversed. For convenience, we will use n to denote the integer congruent to n modulo p that is 
between — (p — l)/2 and (p — l)/2 (inclusive). 



Ars Mathematica Contemporanea x (xxxx) 1-x 



19 




p-i 

2 p-l 



2 







p-l 

2 



Figure 2: The s-edges in the multigraph when p = 5. The i-edges (not drawn) are horizontal. Thus, 
there are two double edges (dashed, at top left and bottom right) in the multigraph. 

In the first portion enclosed within square brackets, we begin each row at a vertex of the form 
(2j — The t^ 1 edges cover every vertex between this and (— j, j), moving leftwards; s _1 takes 
us to the vertex (2j,j), and the t edges cover every vertex between this and (— j — 1, j), completing 
the row. The s _1 edge then takes us to (2j + 1, j + 1), which has the required form to continue this 
pattern. In this way, we cover all of the vertices from rows 1 through (p — 3) /2. 

Then, the second portion enclosed within square brackets covers the vertices of row (p — l)/2 
in the same way, except that it ends with an s-edge, taking us from ((p — l)/2, (p — l)/2) to 



The third portion enclosed within square brackets takes us through the vertices of row 0, ending 
at ((p - l)/2,0), and to vertex (-(p - l)/2, —(p- l)/2), which has the form (—j + 

In the fourth portion enclosed within square brackets, we use the same pattern on rows — (p— 1 ) /2 
through — k — 1 that we used on rows k + 1 through (p — l)/2, rotated by 180 degrees. So in each 
row we begin at a vertex of the form (—j + 1, j), move right until we reach (2j,j), then jump to 
move left to the vertex (2j + 1, j) (completing the row), and pass to vertex + 1) in 

the next row, which again has the required form to continue. The s* edge ends this portion at the 
vertex (k + 1, — k) if p = 3k + 2, and at (k, 2k + 1) if p = 3fc + 1; both of these are equal to 
(—2k — 1, —k). This has the form (2j — l,j) again. 

Now the fifth portion uses the same pattern we began with, to cover the vertices in rows — k 
through —2. 

The final portion covers row —1, using the same pattern, finishing at the vertex (0, —1). Now 
edge s takes us to (1,1), completing the hamiltonian cycle. 

Notice that in each row (except row 0), this cycle traversed the unique s-edge whose endpoints 
were both in that row. In particular, this cycle traversed each of the multi-edges noted above. So 
Corollary |2.9| implies there is a hamiltonian cycle in Cay(G; S). □ 



(-(p-l)/2,0). 



20 



Ars Mathematica Contemporanea x (xxxx) 1—x 



5 Groups of order 4p 2 

We begin with a special case. 

Lemma 5.1 (Jungreis-Friedman lfT4l Thm. 7.3]). If p is prime, then every connected Cayley graph 
on D 2p x D 2p has a hamiltonian cycle. 

Proof. Let S be a minimal generating set of G — D 2p X D 2p , where p is prime. We may assume 



P > 3, for otherwise \G\ — 16 is a power of 2, so Remark 1.3 applies. 

Notice that the elements of S cannot consist exclusively of pairs of nontrivial reflections, together 
with pairs of (possibly trivial) rotations, since such a set cannot generate the element (/, e) of D 2p x 
D 2p (for any reflection /). This is because getting / in the first coordinate requires taking the product 
of an odd number of elements that are pairs of nontrivial reflections, while getting e in the second 
coordinate requires taking the product of an even number of such elements. Therefore, as S must 
contain an element with a reflection in its first coordinate, we may assume that either (/, e) E S or 
(/, x') € S, for some reflection / and some nontrivial rotation x'. 

Case 1. Assume \S\ = 2. In order to generate the entire group, S must include either two reflections, 
or a reflection and a rotation, within each of the dihedral factors. Up to automorphism, there are only 
two generating sets that satisfy this condition: {(x, /'), (/, a;')}, or {(/i, x'), (f 2 , f')}, where x, x' 
are nontrivial rotations and /, f , fi, f 2 are reflections and fi ^ f 2 . 

We now verify that each of the above generating sets satisfies the conditions of Lemma 2.14 so 
that by that lemma, Cay(G; S) does indeed have a hamiltonian cycle. 

Subcase 1.1. Assume si = (x, f) and s 2 = (/, x'). Letting 7 = [a 1( S2], we have 
7= (x-'fxfJ'ixT'fx') = (x-\(x') 2 )- 

So 

. 2| Sl ||7| = 2(2p)(p)=4p 2 = |G|. 

• ( s i)(7) = { ix^x" 23 , {f') l {x') 2: >) J !,j'6Z}, which never has / in the first coordinate, so 
s 2 is not in this set. 

• If 7* = s\ for some i,j, then (x 1 ) 21 = so we must have (x') 2 ' 1 = (f') J = e, so 
i = (modp). But then x~ 2 ' L = e, so 7' = (e, e). Therefore, (7) n (si) = {e}. 

• If Y = s - 1 s J 1 s 2 for some then (x') 2i = (a/) _1 (/') J x ' '> so i x ') 2 * = e = (f') j > so 
i = (modp). But then x~ 21 = e, so 7* = (e, e). Therefore, (7) n (s^ 1 (si)s 2 ) = {e}. 

Subcase 1.2. Assume Si = (fi,x') and s 2 = (f 2l /'), with fx ^ f 2 . We may assume f 2 = fxX. 
Then with 7 = [s\, s 2 ], we have 

7={fl(fix)fi(fix),(x')- 1 fx'f) = (x 2 ,(xT 2 )- 

So 

. 2| Sl ||7| = 2(2p)(p)=4p 2 = |G|; 

• ( s i)(7) = { (/fs 23 , {x'y(x')~ 2: >) I i, j € Z }, which never has /' in the second coordinate, 
so s 2 is not in this set. 

• If 7* = for some i, j, then x 2% = f{, so we must have x 2% — e, so i = (modp). But then 
{x')~ 2% = e, so 7' 1 = (e, e). Therefore, (7) n (s\) = {e}. 
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If 7 1 = s 2 1 s 3 1 S2 for some then x 2t — /2/1/2, so x 2% — e, so i = (modp). But then 
(x')~ 2% = e, so 7 l = (e, e). Therefore, (7) n {s 2 1 (si)s 2 ) = { e }- 



Case 2. Assume \S\ = 3. In what follows, we will be applying Corollary 2.19 repeatedly. We will 
verify some of its conditions here, so that only one condition will need to be checked each time we 
use it below. Namely, we already know that S is minimal and \S\ > 3. Furthermore, we assume, by 
induction on |G|, that Cay((S' — {si}); S — {si}) has a hamiltonian cycle, for any si g S. Thus, 
in order to apply the corollary, all that remains is to verify that there exist two distinct generators 
Si,s 2 £ S* such that \sis 2 \ = \G\/\(S — {si})| is prime. 

Subcase 2.1. Assume S is disjoint from D 2p x {e} and {e} x D 2p . The discussion preceding 
Case [T] implies that we may assume s = (f,x r ) G S, for some reflection / and some nontrivial 
rotation x'. 

The generating set S must also be an element whose second coordinate is a reflection. By the 
assumption of this subcase, the first coordinate cannot be trivial. And it also cannot be a nontrivial 
rotation (because S is minimal and |5| = 3). Therefore, it is a reflection. From the minimality of S, 
we conclude that it is /: that is, si = (/, /') G S, for some reflection /'. 

Now, let S2 = (y, y') be the third element of S. To generate G, we must have y 7^ /. (And y' is 
nontrivial, from the assumption of this subcase.) Note that if y is a reflection, then either (S2 ,s)=G 
or (s 2 , Si) = G, depending on whether y' is a rotation or a reflection. Thus, the minimality of S 
implies that y is a rotation x . Then, since (s, (x, /")) = G for any rotation /", the minimality of S 
implies that y' is a rotation. Thus, s 2 = (x, x") E S, for some nontrivial rotations x and x". Then 



|siS2 1 = \(fx, f'x")\ — 2 and (S — {si}) = D 2p x 7h v has index 2, so Corollary 2.19 provides a 
hamiltonian cycle in Cay(G; S). 

Subcase 2.2. Assume (/, e) € 5. As there must be a reflection in the second coordinate of some 
element of 5, we have either (a:, /') G 5, or (e, /') G 5, or /') G S*. 

Subsubcase 2.2.1. Assume (x, /') G 5, w/f/z |x| = p. Then (x, /') generates a subgroup of 
G of order 2p. Let si = (/, e). Since 

[ Sl ,G] = ((x,e))c((x,/'))c(5-{, Sl }), 

we know that si normalizes (S— {si}), so G = (si) (5— {si})- Furthermore, because S is a minimal 
generating set, we know Si ^ (5 — {si}}. Since | sj | =2 is prime, this implies (sx) fl (5 — {si}) = 
{e}, so |G| = |(si)| • |<5- {sx})\. Therefore \G\/\(S - { Sl })\ = 2. Also, with s 2 = (x,f),we 
have |siS2 1 = 2. So Corollary |2. 19| tells us that Cay(G; S) is hamiltonian. 

Subsubcase 2.2.2. Assume either (e, /') G S, or (/, /') G S. Let r% = (/, e) and let r 2 be 
either (e, /') or (/, /'), the other element that we know to be in S. Note that, because |rir 2 | = 2, 

if either (S — {r\}) or (S — {r 2 }) has index 2 in G, 



then Corollary 2.19 tells us Cay(G; S) is hamiltonian. 



We claim that we may assume no element of S consists of a nontrivial rotation in one coor- 
dinate together with a reflection in the other. To see this, observe, first of all, that we are not in 
Subsubcase |2.2.1 so the reflection cannot be in the second coordinate. Thus, we suppose S con- 



tains some (fi,x r ). Since S is minimal and contains (/, e), we must have f\ 7^ /. Therefore 
((fi,x'), (/,/')) = G, so combining the minimality of S with the definition of r 2 tells us that 



r 2 = (e, /')■ Thus, Subsubcase 2.2.1 applies, after interchanging the two factors of G. 
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If the third element of S is of the form (x, x'), then (S — {r 2 }) has index 2 in G, so Cay(G; S) 
has a hamiltonian cycle by ( |5.2[ ). Thus, from the preceding paragraph, we may assume that the third 
element of S is of the form (fi, e), (e, /{), or /{). However, only the last of these can generate 
all of G when combined with r\ and r 2 . Therefore 

S = {r u r 2 ,(f 1 ,f{)}. 

Furthermore, we must have fi^f and /{ 7^ /'. 

If r 2 = (/, /'), then MA./QI = p and (A, /{))| = 4p, so Corollary \2A9\ applies. If 
r 2 = (e, /') then Corollary 2.19|cannot be applied, but we claim that 



(((hJi), (f,e)) p #,(e,f)) 2p 
is a hamiltonian cycle. To verify this, we first calculate that: 

• {(fif) p f-\(fi) p f) = (fjm 

'{(fif)\e 



((A/)\ (/D*)e<(/, /(/')) 



((/l/r,/0 



if i is even, 
if i is odd, 



(/D*) ' (/i,/D € ((/,/{/')> 



((/1/) 



-(i+l) 
-(i+1) 



A) 



if i is even, 
if i is odd. 



The conclusion that we have a hamiltonian cycle now follows easily from Lemma 2.6 



Subsubcase 2.2.3. Assume (f u /') G 5 with fi f. 

If the third element of S is of the form (/2, f[), then /{ ^ /' (otherwise S would not generate G). 
Because \(f 2 , f{){fi, f')\ = P and | ((/, e), (/1, /')) | = 4p, the conditions of Corollary [2. 19| are 
satisfied with S\ = (/2, /{). 

If the third element of S is of the form (/2,x'), then x' must be nontrivial (or else S would 
not generate G), so f 2 = /1; otherwise, (/, e) is redundant. Then, since \(fi,x')(f,e)\ = p and 
!((/> e )> /')) I = 4p, the conditions of Corollary 2.19 are satisfied. 



If the third element of S is of the form (e,x'), then, since \x'\ = p, Lemma 2.27 provides a 
hamiltonian cycle in Cay(G; S). 

or 



Finally, since we are not in Subsubcase 2.2.1 



2.2.2 we may now assume the third element 
(/,e) and S2 - (fij')- We have 
((x, e), (e, /')). The intersection 



of S is of the form {x, x'), with x and x' nontrivial. Let s\ = 
\sis 2 \ = 2p, and \{(x,x'), (/1, /'))| = 2p. Furthermore, {s\s 2 
of this group with {{x, x'), (/1, /')) is clearly trivial, so Lemma [2 . 1 8 1 applies 

Case 3. Assume \S\ = 4. Because S generates G/ (Z p x Z p ), we know that it contains an element 
of the form (/, e) or (e, /'). Let us assume (/, e) G S. 

Subcase 3.1. Assume S n (Z p x Z p ) =/= 0. Let (x,x r ) 6 Sfl (Z p x L). We may assume 



that x and x' are both nontrivial, for otherwise ((x, x')) < G, so Lemma 2.27 applies. But then 
((/, e),(x,x')) has index 2 in G, which contradicts the fact that IS*! = 4. 

Subcase 3.2. Assume S D (Z p xZ p ) =0. We may assume S contains an element of the form 
(/ii /') with /1 and /' nontrivial, for otherwise Cay(G; S) is isomorphic to a Cartesian product 
Cay(£>2p! Si) x Gay(D 2p ; S[), and the Cartesian product of hamiltonian graphs is hamiltonian. 

We must have fi = f, for otherwise ((/, e), (/1, /')) has index p in G, contradicting the fact 
that I S\ =4. So (/,/') eS. 



Ars Mathematica Contemporanea x (xxxx) 1-x 



23 



In order to generate D 2p x {e}, S must contain an element whose first coordinate is not /. The 
second coordinate must be trivial (for otherwise combining it with (/, e) generates a subgroup of 
index p). That is, we have (/ 2 , e) € S, with / 2 7^ /. But then ((/a, e), (/, /')) generates a subgroup 
of index p, contradicting the fact that |5| = 4. □ 

Proposition 5.3. If \G\ = Ap 2 , where p is a prime, then every connected Cayley graph on G has a 
hamiltonian cycle. 

Proof. Let S be a minimal generating set of G. Clearly we can assume that p > 3, for otherwise 



\G\ is a prime power, so Remark 1.3 applies. Let P denote a Sylow p-subgroup of G, and let P 2 be 
a Sylow 2-subgroup. 



Case 1. Assume P <&G. Then by Sylow's theorem ( |2.33| we have p = 3 and \G : N G (P)\ =4, 
so Ng(P) = P. Since P is Abelian we thus have P — Z(Ng{P)) and Burnside's theorem on 
normal p-complements ifTTl Thm. 7.4.3] implies that P2 < G. Since [G, G] < P2 we can assume 



[G, G] = P2 = Z 2 x Z 2 for otherwise Theorem 2.2 applies. The kernel of the action of P on 



7*2 x Z 2 is thus of order 3 and the only groups to consider are Z 9 x (Z 2 x Z 2 ) and A± x Z 3 , which 



are covered in Corollary 2.16 and Lemma 2.31 respectively 



Case 2. Assume P < G. Since P 2 is Abelian we have [G, G] < P and we can assume [G, G] = P = 
Z p for otherwise Theorem |2.2| applies. 
If P 2 = Z 2 x Z 2 then either there is a nonidentity element of P 2 acting trivially on P, in which 



L p x 



case G is of dihedral type and Proposition |2. 23 applies, or all three nonidentity elements of P 2 act 



nontrivially on P and G = Z? 2p x Z? 2p which is covered by Lemma 5.1 

We can thus assume that P 2 = Z4. Denote a generator of Z4 by / and the generators of Z p x Z p 
by x and y. Note that since [G, G] = P, we know / cannot act trivially on any nonidentity element 
of P. 

Because S generates G/(Z p x Z p ), it has to contain an element of the form fx l y^ or its inverse. 
Conjugating by an appropriate power of x and y, we can thus assume 

f&S. 

Also, in order to generate P, the set S must have at least one element of the form f % x^y k ', with either 
j or k nonzero. 

Also, since (/ 2 ) 2 = e, we know that 1 and —1 are the only possible eigenvalues of the lin- 
ear transformation defined by f 2 on the vector space Z p x Z p . Thus, by choosing x and y to be 
eigenvectors of f 2 , we may assume x^ € {a;* 1 } and y^ £ {y* 1 }. 

Subcase 2.1. Assume f 2 acts trivially on Z p x Z p . This means that / acts by an automorphism 
of order 2. Since the automorphism does not fix any nontrivial element of Z D x Z p , this implies that 



g' = g 1 for all g £ 1 p x Z p . Hence G is of quaternion type, so Corollary 2.25 applies 



Subcase 2.2. Assume \S\ = 2 (and f 2 is nontrivial on Z p x Z p ). Write S = { /, / fc z}, with 
z £ (x, y). We may assume < k < 2. Note that we must have z' ^ (z), because S generates G. 



Subsubcase 2.2.1. Assume k = 0. Note that, since [z, f] is not in (z) or 



• every element of Z p x Z p has a unique representation of the form [z, f\z^ with < i, j < 
p — 1, and 

• every element of f^ 1 (z) has a unique representation of the form [z, f] 1 z^ 1 f^ 1 z~3 with < 
hj <p-l. 
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Therefore the vertices visited by the path (z p ~ 1 , / _ 1 , z~ ^ , /) p # are all in different right cosets 



of(/" 



so Lemma 



2.6 



tells us that 

((^-SrS^-^jmr 1 ) 1 



is a hamiltonian cycle in Cay(G; 5). 

Subsubcase 2.2.2. Assume k = 1. Note that ((/ 3 , /z) p_1 , J -3 ) is a hamiltonian path in the 
subgraph of Cay(G; {/, /z}) induced by (z)(f). Letting g = z^ 1 (z^ 1 )^ \ we have g ^ (z), so 
the vertices in the path are all in different right cosets of (g). Therefore, Lemma 2.6 tells us that 

((f,fzy-\r\(fz)-^ p 

is a hamiltonian cycle in Cay(G; S). 

Subsubcase 2.2.3. Assume k = 2. 

Subsubsubcase 2.2.3.1. Assume f 2 does not invert Z p xZ p . We may assume x' = x^ 1 , 
yf~ = y, and z = xy. Corollary 2.11 applies, because (f 2 xy) 2 = y 2 € (y) < G. 

Subsubsubcase 2.2.3.2. Assume f 2 inverts 1 p x Z p . We claim that 

(((/ 2 2, r x ) a , (A, /) 2 ) ip - 1)/2 j 2 z, r\fz, i) p 

is a hamiltonian cycle. 

To see this, we first calculate the product 



(fz)(f- 1 )(fz)(f)=z- 1 . 



(((/ 2 ^)(/- 1 )) 2 ((/ 2 ^)(/)) 2 ) (p " 1)/2 

Now, we calculate the vertices (go, ffi, 32, ■ ■ ■ , <?4p-i) visited by the walk 

(((/ 2 ^r 1 ) 2 ,(/ 2 ^/) 2 ) ( ^ 1)/2 ,/ 2 ^r 1 ,/ 2 ^) 

in the quotient graph (z)\Cay(G; S). Letting y = z? , and noting that each vertex of the quotient 
has a unique representative in (y) (/), we calculate that if 

• < i < [p - l)/2 and < j < 8, or 

• i = (p - l)/2 andO < j < 4, 

then 



08i+j = (z) y 1 • < 



e 


if J 


= 0, 


/ 2 


if J 


= 1, 


/ 


if J 


= 2, 


y/ 3 


if J 


= 3, 




if J 


= 4, 




if J 


-5, 


2// 


if J 


= 6, 


,2/ 2 / 3 


if J 


= 7. 
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All of these are distinct, so Lemma 2.6 tells us we have a hamiltonian cycle. 



Subcase 2.3. Assume \S\ = 3 (and f 2 is nontrivial on 1 p x Z p ). 



Subsubcase 2.3.1. Assume x f2 — 



, * and yt 2 = y. Since / obviously commutes with 



-f - 



where 



f 2 , it must preserve the eigenspaces of f 2 . So x* 6 (x) and y* € (y). So 
r 2 = — 1 (modp), and y^ = y -1 . Since |5| = 3, we know that S does not contain any element of 
the form f l x % yi with i and j both nonzero, so we can clearly assume that S = {/, f e± x, f i2 y}. We 
may also assume < £\,l2 < 2 (after replacing generators by their inverses, if necessary). 



If (.2 = 0, then Lemma 2.27 applies since (y) < G. 

If £2 = 1, then Corollary 2.11 applies since fy=f (mod(y)) and (y) < G. 
If £ 2 = 2, then Corollary 2.11 applies since {f 2 y) 2 = y 2 and (y 2 ) = (y) < G. 



Subsubcase 2.3.2. Assume X? = x 1 andyf = y 1 . We may assume 5 = {/, f l2 y}- 



Since |5| = 3, we must have a;-' € (x) and y* e (y). Therefore 
and b are square roots of — 1 in the field Z 



rf = 



x a and y 



/ - 



where a 



If either £1 or £2 is equal to 0, 1, or 3, then we may apply Lemma 2.27 or Corollary |2.1 1| 
because (a;) and (y) are both normal subgroups of G. We are therefore left with S — {/, f 2 x, f 2 y}. 

Ap and 
□ 



Take s\ = f 2 x and S2 = f 2 y. Th en sx S2 = x 
s i s 2 4- (/i f 2 y)> we see mat Lemma 2.18 applies. 



_1 y is of order p and since |(/, f 2 y}\ 



6 Groups of order pgr 



Proposition 6.1. // |G| 

has a hamiltonian cycle. 



2pq, where p and q are prime, then every connected Cayley graph on G 



Proof. Let S be a minimal generating set of G. 

We may assume p and q are distinct, for otherwise |G| 
there is no harm in assuming that p < q. We may also assume that p, q > 3, for otherwise |G| is of 



2p , so Corollary 2.24 applies. Thus 



the form 4p, so Corollary 2.17 applies 



Let Q be a Sylow g-subgroup of G. Because |G| = 2pq = 2 x odd, it is well known that G has 
a (unique) normal subgroup of order pq [23, Thm. 4.6]. Since p < q, Sylow's Theorem ( |2.33| > tells 
us that Q is normal in this subgroup. Then, being characteristic, Q is normal in G. 

The quotient group G/Q is of order 2p. We may assume it is nonabelian, for otherwise [G, G] = 
Q is cyclic of prime order, so Theorem 2.2 applies. Therefore G = Z?2p K <3- Because Aut Q = 
(Z g ) x is abelian, we know that the commutator subgroup of £>2p centralizes Q. Hence G = Z2 x 
(Z p x Z q ). Then either G = I?2p<j is dihedral (so Lemma 2.22 applies) or [G, G] has prime order 
(so Theorem |2.2| applies). □ 

Proposition 6.2 (D. Li 1181 ). If \G\ = pqr, where p, q, and r are distinct primes, then every con- 
nected Cayley graph on G has a hamiltonian cycle. 



Proof. The case where |G| = 2pq has been discussed in Proposition 6. 1 so let us assume |G| is odd. 



Also assume p is the smallest of p, q and r. Because |G| is square-free, it is well known (and 
not difficult to prove) that [G, G] must be cyclic of some order dividing \G\/p 1 13, Cor. 9.4.1]. (In 
particular, G is solvable.) We may assume | [G, G] | is not prime, so we conclude that 
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Thus, G is a semidirect product: up to isomorphism, we have 

G = Z p tx (Z q x Z r ), 

where Z p acts nontrivially on both Z 9 and Z r . 

Now, let S be a minimal generating set of G. Since (Z g x Z r ) n Z(G) = 0, Lemma 2.27 tells 
us that we may assume S fl (Z q x Z r ) = 0. Thus, every element of S has order p. 

Case 1. Assume \S\ = 2. We may write S = {s,t}. We have t — xs k for some generator x of 
Z 9 xZ r ) and some integer k with 1 < k < p. Then 



ts~ 



(k-i) ts p-k-i 



is a generator of Z q x Z r (because s, being of odd order, cannot invert either Z q or Z r ). So Corol- 
lary|Z8]tells us that 

(i,s~( fc - 1 \M p -' £ - 1 ) 9r 

is a hamiltonian cycle in Cay(G; S). 

Case 2. Assume \S\ = 3. We may write S 1 = {s, t, u}. The minimality of 5, together with the fact 
that S fl (Z 9 x Z r ) = 0, implies t = s l x and u = s^y, where x and y are generators of Z g and Z, r , 
respectively, and 1 < i,j < p. Then (t, u) = G, which contradicts the fact that the generating set S 
is minimal. □ 

Corollary 6.3. If \G\ = 3pq, where p and q are prime, then every connected Cayley graph on G 
has a hamiltonian cycle. 

Proof. Note that: 

• We may assume p, q > 3, for otherwise \G\ is of the form 2pq or 2p 2 so Proposition 



6.1 



or 



Corollary 2.24 applies. 



4.1 



applies. 



• We may assume p ^ q, for otherwise \G\ — 3p 2 , so Proposition • 

• We may assume p, q > 3, for otherwise \G\ is of the form p 2 q with p ^ 1 (modg), so 



Corollary |2.3| applies . 



Thus, \G\ is the product of three distinct primes, so Proposition 6.2 applies. 



□ 



Corollary 6.4. If \G\ = bpq, where p and q are distinct primes, then every connected Cayley graph 
on G has a hamiltonian cycle. 

Proof. Note that: 

• We may assume p, q > 5, for otherwise \G\ is of the form 2pq or 2p 2 or 3pq or 3p 2 , so 
Proposition 6.1 or Corollary 2.24 or Corollary |6.3| or Proposition |4. l| applies. 

• Then we may assume p, q ^ 5, for otherwise \G\ is of the formp 3 orp 2 q withp 2 ^ 1 (mod q), 
so Remark 1.3 or Coroll ary |2 . 3 1 applie s . 



Thus, \G\ is the product of three distinct primes, so Proposition 6.2 applies. 



□ 
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7 Groups of order 4pq 

We start by considering a special case. 

Proposition 7.1. If G = Pi k Z pq is a semidirect product of a group Pi of order 4 and a cyclic 
group Z pq of order pq, where p and q are distinct odd prunes, then every connected Cayley graph 
on G has a hamiltonian cycle. 

Proof. Let S be a minimal generating set of G. We may assume [G, G] — Z pq (otherwise Theo- 
rem |2.2| applies). 

Case 1. Assume P2 = Z4, so G = Z4 k Z pq . We can view G as Z4 k (Z p x Z q ). Let / be a 
generator of Z4 and let x and y be generators of Z p and Z q , respectively. There exists re2, such 
that x' = x r and y' = y r . We have r 4 = 1 (modpq), because |/| = 4. 

Note that in view of Lemma 2.27 and the fact that Z(G) n (Z p x Z,j) = {e}, we can assume that 
no element of the form x^y k is in S. 

Since S clearly contains at least one element of the form f' l x^y k , where i G {1,3}, we can 
assume / 6 S. 

Subcase 1.1. Assume the action of Z4 on Z pq is not faithful. Then r 2 = 1 (modpq). Since 
[G, G] = Z pq , this implies r = — 1 (modpg) and thus / inverts every element of Z p x Z q . But then 
G = QApq is of quaternion type, so Corollary |2. 25 applies. 

Subcase 1.2. Assume the action of Z4 on Z pq is faithful. This means r 2 ^ 1 (modpg), so we 
may assume r 2 ^ 1 (modp) (by interchanging p and g if necessary). Therefore r 2 = — 1 (modp). 

Subsubcase 1.2.1. Aiiwme contains an element s of the form fx^y k or f 2 x^y k , where 
both j an d k are nonzero. Now if s = fx^y k , then clearly f 3 s — x^y k is of order pq and thus 



Corollary 2.8 tells us that (f 3 ,s) pq is a hamiltonian cycle in Cay(G; S). On the other hand, if 
s = f 2 x^y k , then 



generates [G, G] = Z pq . Thus, it is easy to see from Corollary 2.8 that (/, s, / 1 ,s is a 
hamiltonian cycle in Cay(G; S). 

Subsubcase 1.2.2. Assume all elements of S — {/} are of the form f % x^y k where i £ {1, 2} 
and precisely one of j, k is nonzero. Clearly, S = {/, f l x, f^y} (perhaps after replacing x and y 
by their powers). Since (fx)~ 1 fy — x~ x y, we see that (fx,fy) = G. Similarly, [fx, f 2 y] = 
x~ 2 [f,y] generates [G, G], and thus (fx,f 2 y) = G. Since S is minimal, there are thus only two 
possibilities for S. First if si = f 2 x, s 2 = fy E S, then s 1 / _1 s 1 S2 = x r ~ 1 y is of order pq and thus 



Corollary 2.8 tells us (si, / 1 , sj., S2) P9 is a hamiltonian cycle in Cay(G; S'). Finally, if s% = f 2 x 
and S2 = fy, then fsif~ 1 S2 = x r y is of order pg, so Corollary 2.8 tells us (/, s\, S2) P5f is a 



hamiltonian cycle in Cay(G; S). 

Case 2. AssMme P 2 = Z 2 x Z 2 , so G = (Z 2 x Z 2 ) k Z pg . 

Subcase 2.1. Assume some involution in Z 2 x Z 2 centralizes Z pq . (That is, Z 2 x Z 2 is not 
faithful on Z pq .) Then G = Z 2 k Z 2p(; = -D4 Pg is dihedral, so Lemma 2.22 applies. 

Subcase 2.2. Assume no involution in Z2 x Z2 centralizes Z pq . (That is, Zi x Z2 is faithful on 
Z pq .) Then G = D 2p x L» 29 - 

If S contains an element s of Z pq , then (s) < G. Also, since [G, G] = Z p x Z q , we see that 



Z{G) H (Z p x Z g ) = {e}. Thus Lemma 2.27 applies 
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Henceforth, we assume S n Z pg = 0. Also, we consider G to be D 2p x D 2q . 

Let us consider the possibility that fx' € S, where / is a reflection in D 2p , and x' is a nontrivial 
rotation in D 2q (so x' generates Z 9 ). We may assume that S — {fx'} generates G/Z 9 (otherwise, 
Corollary 2.1 1 applies with N = Z q ). Furthermore, it is easy to see that the only proper subgroups 
of G that properly contain fx' are D 2p x 1 q and (/) x D 2q . It is therefore not difficult to see that 
(up to isomorphism) the only possible Cayley graph is: 

C&y(D 2p x D 2q ; {fx', ff, fx}) where f,xG D 2p and /', x' £ D 2q . 

Note that (fx, fx') is obviously a hamiltonian cycle in 

(f,x,x') 



Cay 



;{/*,/*'}) = Cay ((/);{/}), 



\x,x\ 

so, since (fx)(fx') — x~ 1 x' generates (x, x'), Corollary |2 . 8 1 implies that 

((fx,fx')™#) 

is a hamiltonian path in Cay ((/, x, x') ; {fx, fx'}) . Therefore, all of the vertices of this path are in 
different right cosets of (fx'). So Lemma |2~l6|tells us that 



{(fx,fx'r#,ff) 2 

is a hamiltonian cycle in Cay(G; S). 

We may now assume there is no double edge in Cay(G/Zp; ^0 ^ Cay(G/Zg; S). (That is, if 
s E S, and s represents an element of order 2 in G/Z p or G/1 q , then s has order 2 in G.) This 
implies that S consists entirely of elements of order 2. 

If S has four (or more) elements, it is clear from the minimality of S that S has the form S = 
{/, fx, f, fx'} (with (/, x) = D 2p x {e} and (/', x') = {e} x D 2q . This means that Cay(G; S) 
is isomorphic to the Cartesian product C 2p x C 2q of two cycles, which obviously has a hamiltonian 
cycle H Cor. on p. 29]. 

We now assume that S = {s, t, u} consists of precisely three elements of order 2. 

Subsubcase 2.2.1. Assume S n D 2p = and S n D 2q = 0. Then s = t = u (modZ pq ). 
This is impossible, because G/Z pq = Z 2 x Z 2 is not cyclic. 

Subsubcase 2.2.2. Assume s e S n D 2p and t <E S n D 2q . Then s € Z(G/Z P ) and G/1 P = 
£>4 g . Since {i, u} generates G/Z p , and Cay(G/Z p ; {£, it}) is a 4g-cycle, we see that Cay(G/Z p ; 5) 



is isomorphic to Cay(Z4 9 ; {1, 2q}). So Theorem 2.13 implies that some hamiltonian cycle in 
Cay(G/Z p ; S) lifts to a hamiltonian cycle in Cay(G; S). 

Subsubcase 2.2.3. Assume s e S n -D2 P 5 n -D2 ? = 0- Each element of G = D 2p x D 2g 
is an ordered pair. Also, since {£, u} generates G/D 2p , we know that neither t nor u belongs to D 2p 
(and, by assumption, they do not belong to D 2q ), so t = u (modZ p(? ). Therefore, we may write 

*=(/, ns = (fx,e),u = (fx k ,f'x'), 
where / and /' are reflections, x and x' are nontrivial rotations, and k € Z. 

Subsubsubcase 2.2.3.1. Assume k ^ 2 (modp). Since (s, i, s, w) is a hamiltonian cycle 

inCay(G/(Z p x Z 9 );S'),and 

stsu = (fx ■ f ■ fx ■ fx k , e ■ f ■ e ■ fx') = (x k ~ 2 , x) 



Ars Mathematica Contemporanea x (xxxx) 1-x 29 

generates Z p x Z q (because k ^ 2 (modp)), Corollary |2.8| implies that (s, t, s, u) pq is a hamiltonian 
cycle in Cay(G; S). 

Subsubsubcase 2.2.3.2. Assume k = 2 (modp). We claim that Cay(G; S) is a general- 
ized Petersen graph. To see this, begin by letting 

%2i — (uty and X2i+i — (ut) l u for < i < pq 

and 

Uj = sxj for < j < 2pq. 
Then every vertex of Cay(G; {t, u}) is in the union of the two disjoint 2pq-cyc\es 

(x ,x 1 ,x 2 , ■ ■ ■,x 2 p g -i,x 2 pq) and {y ,yi,y 2 , ■ • • , 2/2 P9 -i, Z/2p 9 )- 
Now, write (x 2 , e) — (ut) r with 1 < r < pq. Then 

sts = {fx 2 , /') = t{ut) r and sus = {fx 2 - k , fx') = (/, /'a;') = (ut) r u 
so, by induction on i, we see that 

XiS = SX(2r+l)i = 2/(2r+l)ii 

which means there is an s-edge from xi to y^ 2 r+i)i- Therefore, Cay(G; {s, t, u}) is a generalized 
Petersen graph, as claimed. 

Now, if we let n — 2pq, then: 

• The number of vertices of Cay(G; S) is 2n. 

• Since pq is odd, we know that n = 2pq ^ (mod 4). 

• Since 2pq is even, we know n = 2pq ^ 5 (mod 6). 



Therefore Theorem 2.29 tells us that Cay(G; S) has a hamiltonian cycle. □ 

Proposition 7.2. If \G\ = Apq, where p and q are prime, then every connected Cayley graph on G 
has a hamiltonian cycle. 

Proof. Let S be a minimal generating set of G. We may assume p and q are distinct (for otherwise 
|G| = Ap 2 , so Proposition 5.3 applies). Furthermore, we may assume p, q > 3, for otherwise |G| 
is of the form 8p, so Proposition |3.2| applies. We also assume G ^ A$ (since Cayley graphs on 
that group are covered in Lemma |2.32| i. It then follows easily from Burnside's Theorem on normal 
p-complements that G is solvable. 

Let P 2 be a Sylow 2-subgroup of G. Because G is solvable, Proposition 2.37 tells us there are 
Hall subgroups H pq and H± q of order pq and Aq, respectively. 

There is no harm in assuming that p > q (so p > 5). This implies the Sylow p-subgroup Z p is 
normal in H pq . So 

|G:JV G (Z p )|<|G:fl M |=4<p+l. 
Therefore Z p < G. So G = H 4q X Z p . 

Case 1. Assume H 4q has a normal Sylow q-subgroup. We may assume H 4q is not abelian (oth- 
erwise Theorem 2.2 applies). This implies the commutator subgroup of H 4q must be a Sylow q- 
subgroup Z q . Because Aut(Z p ) is abelian, this implies that Z q centralizes Z p . So G = P 2 k (Z p x 



Z 9 ) = P 2 k Z pq . Therefore Proposition 7.1 applies. 

Case 2. Assume the Sylow q-subgroups of H 4q are not normal. Since H± q is of order Aq, Sylow's 
Theorem ( |2.33[ ) tells us there is a divisor of 4 that is congruent to 1 modulo q. Clearly, we must have 
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q = 3. Thus, H± q is a group of order 4 • 3 = 12, in which the Sylow 3-subgroups are not normal. 
The only such group is At- So G = A x Z p . 

We have G = Z3 k ((Z2 X Z2) X Z p ) . We may assume 5 n Z p = 0, for otherwise Lemma 
applies. 

We let / be a generator of Z3, x and y be generators of Z2 x Z2 and z be a generator of Z p where 

x-^ = zy, y' = % and z-^ = z r for some r e Z such that r 3 = 1 (modp). 

Subcase 2.1. Assume Z 3 ac/s nontrivially on Z p . Since S 1 must contain an element of G — 
(x, y, z), and all of these elements have order 3, we can assume / £ S. 

Subsubcase 2.1.1. Assume \S\ = 2. Let 5 = {/, s}. 

Subsubsubcase 2.1.1.1. Assume s £ (Z2 x Z2) x Z p . The generator s gives a double 
edge in G/Z p (and {/, s} is a minimal generating set of G/Z p ), so Corollary |2. 1 1 1 applies. 

Subsubsubcase 2.1.1.2. Assume s £ /((Z 2 x Z 2 ) x Z p ). Write s = fx l y 3 z k . Since S 
generates G, we cannot have i = j = or k = 0, so we can assume s = fxz. 
We show that / and s satisfy the conditions of Lemma 2.14 We have 

[f,s] = f- 1 (fxz)- 1 / (fxz) = f-'z^x-'f^fxz = yz 1 ^. 

Since / acts nontrivially on Z p , we know r ^ 1 (modp), so | [/, s] | = 2p. Also, we have 

s = fxzi{f){[f,s\). 

The other two conditions are clearly satisfied. 

Subsubcase 2.1.2. Assume \S\ — 3. We may assume S — {/, f l x, f j z}, and i, j £ {0, 1}. 



Since S n Z p = 0, we have j = 1, for otherwise Lemma 2.27 applies. But then {/, fz} gives a 
double edge in Cay(G/Z p ; S) (and S—{fz} is a minimal generating set of G/Z p ), so Corollary 2. ! 
applies. 

Subcase 2.2. Assume Z 3 centralizes Z p . This means r = 1, and we have G = A4 x Z p . 
Recalling that S n Z p = 0, we know that no element of S has order p. 

Let s be an element of S whose order is divisible by p. Note that (s) contains a nontrivial 
subgroup of G/Z p = Z3 X (Z2 x Z2). Either this subgroup is maximal (of order 3) or we have 
(s, t) = G for any t £ S with 3 | |t|. Therefore |5| =2, so we may write S = {s, t}. 

We may assume s ^ (Z2XZ2) xZ p , for otherwise {s, s -1 } gives a double edge in Cay(G/Z p ; S), 
so Corollary |2. 1 1 | applies. Therefore, we may assume s = fz. 

We show that fz and t satisfy the conditions of Lemma 2. 14 Since (fz, t) — G, we may assume 
t = f e xz k for some £, k £ Z. Then 

[fz,t] = [fz > fxz k }=y. 

Since all nonidentity elements of (fz) are in (/) (z), we see that < ^ (/z)([s, i]), and the remaining 
conditions are also clearly satisfied. □ 
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Proposition 8.1. // \G\ 

hamiltonian cycle. 



2p 3 , where p is prime, then every connected Cayley graph on G has a 



Proof. Let S be a minimal generating set of G. 

We may assume p > 3. (Otherwise, \G\ — 2 4 is a prime power, so Remark 1.3 applies.) Let P 
be a Sylow p-subgroup of G, so G 



7Li x P, and let / be a generator of Z 2 . 
We may assume S <f_ fP (for otherwise Corollary |2.4| applies). Thus, there exists s € S D P. 



Case 1. Assume (s) < G. Note that if \s\ = p, then Lemma [2.27 applies. Also, if |s| = p 3 , then 
(s) = P D [G, G], so [G, G] is cyclic of p-power order, so Theorem 2.2 applies. Thus, we may 



assume |s| = p . 

Also, we may assume (s) n Z(G) is nontrivial (else Lemma 2.27 applies), so it is clear that / 
does not invert (s). Since |/| = 2, we conclude that / centralizes s. Since we may assume that 
I [G, G] I 7^ p (else Theorem |2.2| applies), this implies that we may assume P is nonabelian. 

Now, for any 1 £ F, we have ([x, s]) C (s) (because (s) <i G), so / centralizes [s, x]. Therefore 

[at,s] = [x*,sf] = [at, s]* = [at, s], 

so / centralizes at, modulo Cp(s) = (s). Thus, / centralizes both P/(s) and (s). Since |/| = 2 
is relatively prime to \P\, this implies that / centralizes P (see 111, Thm. 5.3.2]). Therefore G = 
Z2 x P, so [G, G] = [P, P] is cyclic of order p, so Theorem 2.2 applies. 



Case 2. Assise (s) 4 G. There is an element a of S with \a\ even. 



Subcase 2.1. Asswme G = Z2 x P. Then [G, G] is cyclic of order 1 or p, so Theorem 2.2 
applies. 

Subcase 2.2. Ass ume P is abelian (but G is nonabelian). We may assume G is not of dihedral 
applies). So | [G, G] | < p 2 . We may also assume [G, G] is not cyclic (for 



type (else Proposition 
otherwise Theorem 



2.23 



2.2 



applies). Therefore P = (Z p ) , and 



G = (Z 2 k (Zp x Z p )) xZ p = (f,x,y,z 



If 



x \ 2/ 



2'- = e, 
1 ,f - 



y , z 

x, y, z) is abelian 



is the direct product of a group of dihedral type with a cyclic group of order p. Also note that, 
because a 2 is in the elementary abelian group P, we have \a 2 \ £ 

Since any two elements of order 2 always generate a dihedral group, it is easy to see that G/Z(G) 
has no 2-element generating set. Therefore \S\ > 3. 

Subsubcase 2.2.1. Assume a 2 7^ e. We know a 2 is in Z(G) (because it is centralized by 
both a and the abelian group P), so we conclude that (a 2 ) = Z(G) is normal in G. Also, since (a) 
has index p 2 in G, we know that |£?| < 3. Then, since G/Z(G) has no 2- eleme nt generating set, we 
conclude that S is a minimal generating set of G/(a 2 ). Thus, Corollary 



2.11 



(with N = 



and 



s = a = t ) provides a hamiltonian cycle in Cay(G; S). 



Subsubcase 2.2.2. Assume a 2 — e. We may assume f E S. Since (s) ^ G, we must have 
|(/, s)\ > 2p. Therefore, the minimality of S implies |5| < 3. Since we already have the opposite 
inequality, we conclude that |5| =3; write S — {/, s, t}. 
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Suppose t £ P. Then we may assume t 2 = e (otherwise Subsubcase 2.2.1 applies), so ft is 
inverted by /, so it generates a normal subgroup of G. Since f = t (mod(ft)), the multigraph 
Cay(G/ (ft); S) has double edges, and it is clear that all of its hamiltonian cycles use at least 



one of these double edges (since (ft, s) ^ G). Therefore Corollary 2.9 applies. 

• Suppose t € P (and (t) <ti G, so Case[T]does not apply). We may assume s = xz and t = yz k 
for some k ^ (modp) (because (s) and (t) are not normal). We have (t -1 /) 2 = z~ 2k € 
Z(G). Since (s, t) n Z(G) = {e}, it is therefore clear that (s, t) n (i -1 /) = { e }, so all of the 
elements of (s,t) are in different right cosets of (t -1 /). Since (s p ,t) p # is a hamiltonian 
path in Cay us, t) ; {s, t}), this implies that all of the vertices in this path are in different right 
cosets of (t^ 1 f). 

Then, since \t^ f\ = 2p = \G\/\(s,t)\, Lemma [z6| tells us that ((s^" 1 , f) 2p is a 
hamiltonian cycle in Cay(G; S). 

Subcase 2.3. Assume P is nonabelian of exponent p 2 . We have 

.2 . 

P = (x, y | x p = y p = e, [x, y] = x p is central). 

Since ( [P, P] , y) is the unique elementary abelian subgroup of order p 2 in G, it must be normalized 
by /. Thus, (y) must be in an eigenspace of the action of / on P/[P,P], so we may assume 
y* € {y ±1 }. Also, by choosing (x) to also be in an eigenspace, we may assume x? € (a;). 

Since Aut((x)) is abelian, and y acts nontrivially on (x), we know that y is not in the commu- 
tator subgroup of (/, y). So / cannot invert y. Therefore / centralizes y. Thus, [G, G] C (x), so 



[G, G] is cyclic of prime-power order, so Theorem 2.2 applies. 
Subcase 2.4. Assume P is nonabelian of exponent p. We have 

P = (x, y, z | x p = y p = z p = e, z = [x, y] is central). 



We may assume S n (z) = 0, for otherwise Lemma 2.27 applies. 



Subsubcase 2.4.1. Assume \S\ = 2. We have S = {a, s}. 

Subsubsubcase 2.4.1.1. Assume a 2 ^ e. We may assume a 2 ^ [P, P] (otherwise 



Corollary |2.11| applies), so there is no harm in assuming a 2 = y 2 (and a obviously centralizes 

<a 2 )Hy))- 

Note that, since a E fP, the elements a and / have the same action on P/[P, P], and they have 
the same action on Z(P). 

Since / acts as an automorphism of order 2 on P/[P, P], and does not centralize P, it must 
act nontrivially on P/[P,P], so —1 must be an eigenvalue of this action. Thus, we may assume 
x^ € x^ x [P, P], Then, since [x^ 1 , y] = [x, y] _1 (because [x, y] G Z(P)), we have 

z* = [x,y]t = [x f ,yf] - [x-\y] = [x^]' 1 = z~ l , (8.2) 

so / inverts (z). Since x? € x^ 1 (z) (and (a;, z) is abelian), this implies that 

/ inverts (x, z). 

(So = a; -1 , y-^ = y, and = z^ 1 .) Therefore, replacing a by an appropriate conjugate, we may 
assume a = fy. 
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If s a e s _1 [P, P], then we may assume s = x. Also, since [x, y] — z £ Z(P), we see that 

xx a = xx fy = x(x~ 1 ) y — [x^ 1 , y] — [x, y}^ 1 = z^ 1 
generates (z) . Hence, the path 

{x-^- l \a-\x-^- l \af# 
visits all of the elements of (x, z) U a -1 (x, z), so all of the vertices in this path are in different 



2.6 



tells us that 



right cosets of (y). Then, since a 2 = y 1 generates (y), Lemma 
((^(^ 1 ),a- 1 , 2 ;-(P- 1 ),a) P #,a- 1 ) P 

is a hamiltonian cycle in Cay(G; S). 

• If s a ^ s _1 [P, P], then we may write s — xy l with £ ^ (modp), and we may assume 
£ ^ 1 (modp), by replacing a and y with their inverses if necessary. 

Since s = x (mod(y, z)), and a inverts x (mod(y, z)), it is clear that (s p_1 , a) 2 is a hamil- 
tonian cycle in Cay(G/(y 1 _z); S 1 ). Then, since the product (s p_1 a) 2 = y 2 ~ 2l z l ~ x gener- 
ates (y,z)/(y), Lemma [2. 12| tells us that (s p ~ 1 ,a) 2p is a hamiltonian cycle in the quotient 
(y)\Cay(G;S).But 

a 1 = a 2 a = y 2 a£ (y)<2, 

so the final edge of this hamiltonian cycle is a multiple edge in the quotient. Thus, Corol- 
lary |Z9]provides a hamiltonian cycle in Cay(G; S). 

Subsubsubcase 2.4.1.2. Assume a 2 — e. We may assume a = f. Since (s, s* , [P, P}) < 

G, we have 

G = {f,s) = (f)(s,sf,[P,P}), 

so {s, s^} must generate P/[P, P]. So ^ (s)[P,P], which implies that the action of / on 
Pj [P, P] has two distinct eigenvalues (both 1 and — 1), and that s is not in either of these eigensp aces . 
Thus, we may assume s — xy with x* = x^ 1 and yf = y. Note that, from the calculation of (8.2 1, 
we also know z* = z^ 1 . 
We claim that 

is a hamiltonian cycle in Cay(G; S). This walk is obviously of the correct length, and is closed 
(because P has exponent p), so we need only show that it visits all of the elements of G. 
We have 

(sP -l /)2 p- 2(s -( P -l) /)2 = (s -V)-2 (s/) 2 = y 4 
(s p- 1/)2 = (s - 1/)2=y -2^ 

s = xy, 

so the walk visits all vertices of the form (y 4 ) l (j/~ 2 z) J (xy) k . That is, it visits all of the vertices in P. 
Also, note that the first vertex of fP visited is s p_1 /, and we have 

(sP -l /) 2p-3 ( ^(p-l) /) 2 (s p-l /) = is -l f) - 3{sf)2{s -l f) = y 4 2 -4 ; 
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so the walk visits all vertices of the form 

(^fl'^rvw (8-3) 

with < j < p — 2. In addition, since 

{sP - if) 2 p - 3{s - (p -10 f) = (s _ X/) _ 3(s/) 

4 -2 -4 

= y x z 

= (y i z-*)(y- 2 z)- 1 (xy)- 2 
G (yS- 4 )^" 2 ^- 1 ^), 

it also visits the vertices of the form ( |8.3| > with j = p — 1. Thus, the walk visits all of the vertices in 
/P. 

So the walk visits all of the vertices in P U fP = G, as claimed. 

Subsubcase 2.4.2. Assume \S\ = 3. Because S is minima l, we must have a 2 e [P, P], so 
(a 2 ) < G. So we may assume a 2 = e (otherwise Corollary 2.11 applies). Thus, we may assume 



a = f. We may also assume s = x, so we write S = {/, x, t}. 

Subsubsubcase 2.4.2.1. Assume t G P. We may assume S = {/, x, j/}. 



Suppose x^ G {a;* 1 }. From Remark 1.3 we know there is a hamiltonian cycle (si) P =1 in 
Cay(P; {a;,?/}). We may assume s p 3 = x^ 1 . There is also a hamiltonian cycle (ti)?=i m 
Cay(P; {a;, y}), such that t p 3 = x* . Then 

is a hamiltonian cycle in Cay(G; S), because it traverses all the vertices in P, then all of the 
vertices in fP, and the final vertex is 

{ax82 ■ ■ ■ s pS )(s^f)(txt 2 • • • = {^{x- 1 f){e){xf f) = e. 

Suppose {a;* 1 } and y$ ^ {y* 1 }- Because S is minimal, we know that x^ e (a;, [P, P]) 
and yf G (y, [P, P]). Since 1 cannot be the only eigenvalue of / on P/[P, P], this means we 
may assume x^ G x _1 [P, P] (by interchanging a; and y if necessary). 

We claim that / inverts P/[P,P]. If not, then / centralizes y (mod[P, P]), so, from the 
calculation of (8.2 1, we see that / inverts [P, P\. This implies that / does not centralize any 
element of (x, z), so it must invert all of these elements. This contradicts the assumption that 
x* i {a^ 1 }. 

The above claim implies that (yx _1 ,z) < G, and that (x p_1 ,/) 2 is a hamiltonian cycle in 
Cay(G/(ya;" 1 , z); {/, x}). Also note that (a; p_1 /) 2 G [P, P], and we have 

xyx*>- 3 fx'>- l f = (xyx- 2 )^- 1 /) 2 = ((yx" 1 )^- 1 , x" 1 ]) (x^ 1 /) 2 - 

Thus, either xyx p ~ 3 /a; p_1 / or (x p_1 /) 2 generates (yx^ 1 , [P, P)) / (yx^ 1 ), depending on 
whether (x p_1 /) 2 is trivial or not. Hence, Lemma [2. 12 i 



tells us that either 



{x,y,xv-\f,xv-\f) p m (a*-\f?* 
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is a hamiltonian cycle in (yx )\Cay(G; S). Then, since y £ (yx" 1 )x, the first edge of the 
hamiltonian cycle is doubled in the quotient multigraph, so Corollary |2.9| provides a hamilto- 
nian cycle in Cay(G; S). 



2.4.2 



we see that we may assume (fy) 2 



e. 



Subsubsubcase 2.4.2.2. Assume t £ P. This is very similar to the preceding argument. 
Write t = fy, so S = {/, fy, x}. 

From the argument at the start of Subsubcase 
Therefore / inverts y, so (y, [P, P]) < G. 

Also, since the minimality of S tells us (/, x) ^ G, we know x? € (a;, [P, P]), so there exists e € 
{±1} such that x^ <E x e [P,P]. Then it is easy to see that (/, x^" 1 ), /, x e O~i)) is a hamiltonian 
cycle in Cay (G/(y, *);{/, x}). For 



*i = (/)(* 



-(p-i; 



)(/)(: 



e(p-l)^ _ 



) = fxfx~*e [P,P], 



we have 

/(.x-(P- 1 ))(/y)(x e ^- 1 )) = fx(fy)x- e = /x/x- e y[y,x- £ ] = Siyfo.aT 8 ]. 

Thus, either (f)(x-b- 1 '>)(fy)(x e b- r >) or (/)(x"(P- 1 ))(/)(x e ( p - 1 )) generates (y, [P, P])/(y), de- 
pending on whether zi is trivial or not. Hence, either 

-0-i) ; / ;X £ (p- 1 )) p 



(/,x-^ 1 ),/y,x £ ( p - 1 )) P or 



is a hamiltonian cycle in (y)\Cay(G; {/, /y, x}). Then, since /y € (y)f (recall that / inverts y), 
the first edge of the hamiltonian cycle is doubled in the quotient multigraph, so Corollary 2.9 pro- 
vides a hamiltonian cycle in Cay(G; S). □ 

9 Groups of order 18p 

Proposition 9.1. If \G\ = I8p, where p is prime, then every connected Cayley graph on G has a 
hamiltonian cycle. 

Proof. Let S be a minimal gen erating set of G. We may assume p > 5. ( Othe rwise either |G| = 
36 = 4 • 3 2 , so Proposition 5.3 applies, or |G| = 54 = 2 • 3 3 , so Proposition 8.1 applies.) 



Note that G is solvable (for example, this follows from the fact that |G| = 2 x odd, but can be 



proved quite easily), so Proposition 2.37 tells us G has a Hall subgroup His of order 18, and also 
has a Hall subgroup Hg p of order 9p. Now Hg p , being of index two, is normal in G. Also, from 



Sylow's Theorem (2.33 I, we see that the Sylow p-subgroup 7L V is normal (hence, characteristic) in 
Hg p . So Z p is normal in G. Therefore G = Hi 8 x Z p . 

We may assume His is nonabelian (otherwise Theorem |2 . 2 1 applie s ) , so His is either D 18 , Z 2 k 
(Z 3 x Z 3 ) (dihedral type), or D 6 x Z 3 . 

Case 1. Assume His — Dig. Then either [G, G] = Zg (so Theorem : 



Lemma 2.22 applies). 



2.2 



applies) or G = Dis p (so 



Let s be an element of S whose order 



Case 2. Assume His = Z2 x (Z 3 x Z 3 ) is of dihedral type. We may assume G is not of dihedral 
type (otherwise Proposition 2.23 applies), so G = His x Z p 
is divisible by p. 

applies. 



2.27 



Subcase 2.1. Assume \s\ = p. Then s <E Z p = Z{G), so Lemma 

Subcase 2.2. Assume \s\ = 2p. Since |G| is the product of only four primes, and \s\ is divisible 
by two of them, it is clear that |5| < 3. On the other hand, it is clear that G/Z p = His has 



36 
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no 2-element generating set (because two elements of order 2 always generate a dihedral group). 
Therefore S is a minimal generating set of G/Z p . Then, since s and s _1 give a double edge in 



Cay(G/Z p ; S), Corollary 2.1 1 applies 



Subcase 2.3. Assume \s\ = 3p. Let / be a generator of Z2, x and y be generators of Z3 x Z3 and 
z be a generator of Z p . We may assume 5 does not contain any elements of order p or 2p (otherwise, 
a preceding case applies). We may also assume S does not contain any elements of order 3 (else 
Lemma 2.27 applies with N = Z p ). Thus, each element of S has order 2 or 3p, so there are only 
two cases to consider: 

Subsubcase 2.3.1. Assume S = {/, fx, yz}. Since e, yz and (yz) 2 are in different right 
cosets of {{yz) 2 f) = {fy, z), Lemma |2~6| tells us that 

((^) 2 ,/) 2P # 

is a hamiltonian path in the subgraph induced by {fy, z). Therefore, all of the vertices of this path 
are in different right cosets of {x). So Lemma 2.6 tells us that 

, 3 



(((yz) 2 ,f) 2p #,fx) 



is a hamiltonian cycle in Cay(G; S). 

Subsubcase 2.3.2. Assume S = {f,yz,xz k }, with k ^ (modp). We may assume 
k 3 (modp) (by replacing xz k with its inverse, if necessary). Since G/ {xy^ 1 , z) = Dq, it is easy 
to see that 

(xz k ,yz,f, (yz) 2 ,/) 
is a hamiltonian cycle in Cay(G/ {xy^ 1 , z); S). Then, since 

(xz k )( y z)(f)(yz) 2 (f)=xy- 1 z k+3 
generates {xy~ x , z), Corollary |2.8|tells us that 



(xz k ,yz,f, (yz) 2 ,f) 



3p 



is a hamiltonian cycle in Cay(G; S). 

Case 3. Assume _ff 18 = D e x Z 3 . We let / and x generate D 6 , where f 2 — x 3 — e and x? = x^ 1 . 
We let y generate Z3 and we let z generate Z p . Note that yf = y x — y, and that z x — z (since 
x is in the commutator subgroup of H). We may assume His does not centralize Z p (otherwise 
Theorem 2.2 applies). This implies that Gg(Z p )/[G, G] is a proper subgroup of G/[G, G] = Z2 x 
Z3, so there are three possibilities for G: 

• G = Ds p x Z3, or 

• G = D 6 x (Z 3 k Z p ), or 

• G = (Dq x Z3) k Zp), where Z?6 an d Z3 both act nontrivially on Z p . 
In each case, since Z(G) n {x, z) = {e}, we may assume 



S n <x, 2) = 
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(else Lemma 2.27 applies). 

Subcase 3.1. Assume G = D 6p x Z 3 . This implies z* = z^ 1 and z y = z. There exists an 
element of the form fx l y 3 z k in S. 

Subsubcase 3.1.1. Assume there exists an element of the form fx l yz k in S. Conjugating 
by powers of x and z, we can assume fy E S. Now (fy) 2 = y 2 and thus, since (y) < G, either 
Corollary |2. 1 1 1 applies or S — {fy} generates G/(y). Assume the latter. This clearly implies that 
another element of the form fx z y J z k is in S and that \S\ > 3. Since the index of (fy) is 3p, 
which has only two prime factors, we conclude that \S\ = 3. Thus, the minimality of S implies that 
precisely one of i and k must be zero. 

Since the minimality of S implies no element of the form xy 3 z is in S, and since neither 
{fxy 3 ,y 3 z} nor {fy 3 z,xy 3 } generates G/(y), it follows that S = {fy,fxy 3 ,fy 3 z}. But 
since S is minimal, we must have j = f = 0. Thus S — {fy, fx, fz}. Now 

• (fz, /x) 3p # is a hamiltonian path in Cay((/, x, z); {fz, fx}), so all the vertices in this path 
are obviously in different right cosets of (x~ 1 y), and 

• ((f z )(f x )) P (f x )~ 1 (fy) = x ~ 1 y obviously generates (x~ 1 y), 
so Lemma [2~6] implies that 

((fz,fxfP#,fy) 3 

is a hamiltonian cycle in Cay(G; S). 

Subsubcase 3.1.2. Assume that S does not contain any element of the form fx % y^z k with 
j ^ (mod 3). Then we can assume / G S. There must be an element of the form x % yz k in S. 
Note that we can assume that at least one of i and k is nonzero for otherwise Lemma 2.27 applies. 

Subsubsubcase 3.1.2.1. Assume i and k are both nonzero. Then we can assume S = 
{/, xyz}. Since (xyz) 3 ? -1 is a hamiltonian path in Ca.y((xy, z); {xyz}^j, it is clear that all of the 
vertices in this path are in different right cosets of (fxz, y) — ((xyz) 3p_1 /). So Corollary 2.8 tells 
us that ((xyz) 3 ? -1 , f) is a hamiltonian cycle in Cay(G; S). 

Subsubsubcase 3.1.2.2. Assume i ^ and k = 0. We can assume xy E S. Then, since 
S H (x, z) — 0, the only candidates for the third element of S are yz and fx l z. 

• Suppose yz E S. Note that every element of the abelian group (x, y, z) can be written uniquely 
in the form (yz) l (xy)~i , where < i < 3p and < j < 3, so it is easy to see that 

((yzfP- 1 , (xy)- 1 , (yzy^-V, (xy)" 1 , (yzf^ 1 ) 

is a hamiltonian path in Cay Ux, y, z) ; {xy, yz}) . Thus, letting 

g = (yz)^- l (xy)-\ y z)-^- l \xy)- l (yzf p - 1 f = xz^f, 

it is clear that all of the vertices of this path are in different right cosets of (g) (since \g\ — 2). 
Therefore Lemmal2~6l tells us that 



((yz) 3 *- 1 , (xy)- 1 , (yz)-^, (xy)-\ (yzf^jf 



is a hamiltonian cycle in Cay(G; S). 
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Suppose fx l z G S. We may assume i ^ (mod 3), for otherwise / = fx l z (mod(z)), so 
Corollary |2 . 1 1 1 applies with N = (z). Then we may assume i = 1 (by replacing x and xy by 
their inverses, if necessary). So S = {f,fxz,xy}. Now, (xy) 2 f(xy)~ 2 fxz — x 2 z, which 
generates the normal cyclic subgroup (x, z) = (xz). Then, since 

\,xy,x 2 y 2 ,fxy 2 ,fy, fx 2 



lie in different cosets of the subgroup (xz), Corollary 2.8 implies that ((xy) 2 , f, (xy) 2 , fxz) 3p 
is a hamiltonian cycle in Cay(G; S). 

Subsubsubcase 3.1.2.3. Assume i — and k ^ 0. This means yz £ S. We may assume 
the third element of S does not belong to (x, y, z) (otherwise a previous subsubsubcase applies, 
since S n (x, z) = 0). Then the third element of S must be of the form fxz k . It is easy to see that 

((yz) 2 ,f,(yz)- 2 ,fxz k ) and ((yz)' 2 , f, (yz) 2 , fxz k ) 

are hamiltonian cycles in Cay (G/{x, z); S). Since one or the other of 

(yz) 2 f(yz)- 2 (fxz k ) = xz k+A and (yz)' 2 f(yz) 2 (fxz k ) = xz k ^ 

generates (x, z) , we see from Coroll ary |2 . 8 1 that either 

((yz) 2 ,f,(yz)- 2 ,fxz k ) 3p or ((yz)- 2 , f, (yz) 2 , fxz k f P 

is a hamiltonian cycle in Cay(G; S). 

Subcase 3.2. Assume G — Dq x (Z3 k Z p ). Note that this implies z? — z and z y = z r , where 
7- 3 = 1 (modp) and r 7^ 1. (We must have p = 1 (mod 3).) 

Suppose there exists s E S whose projection to the second factor is a nontrivial element of Z p . 
We may assume the first component is a reflection (otherwise it generates a normal subgroup (x l z) 



which clearly has a trivial intersection with the center of G, so Lemma 2.27 applies). That is, 
s = fx l z. Clearly we can assume s = fz € S (conjugate by a power of x). Then s yields a 
double edge in G/Z p , so, by Corollary |2.1 1| we may assume S — {s} generates G/Z p . From the 
minimality of S, we know (S — {s}) 7^ G, so we conclude that (S — {s}) = Dq x Z3 (or a 
conjugate). Furthermore, since |G| is the product of only four primes, and \s\ is divisible by two of 
them, we know 15*1 < 3. Therefore, some element t of S — {si} must project nontrivially to both 
D 6 and (y). Since (s, t) 7^ G, the projection of t to £> 6 must be /, so we may assume t = fy. Then 
the final element of S must be of the form fx 1 , with i ^ (mod 3). Therefore, we may assume 



S = {fz, fy, fx}. In this case, Lemma 2.18 applies with s% = fy and S2 = fz, because S1S2 = yz 
has order 3, and (S — {s\}) — (f, x, z) has order 6p. 
We may now assume that 

the projection of a generator to the second factor is never a nontrivial element of Z p . (9.2) 

Subsubcase 3.2.1. Assume \S\ =2. The generating set of Z3 x Z p must be of the form 
{y, yz}, and the generating set of D 6 is either two reflections or a rotation and a reflection. We now 
discuss each of the possibilities individually: 

Subsubsubcase 3.2.1.1. Assume S = {fy, fxyz}. Since fy generates the cyclic group 
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G/(xz), it is obvious that ((/y) 5 , fxyz) is a hamiltonian cycle in C&y(G / (xz); S). Then, since 
(fy) 5 (fxyz) = xz, Corollary 2.8 tells us that ((fy) 5 ,fxyz) P is a hamiltonian cycle in Cay (G; S). 

Subsubsubcase 3.2.1.2. Assume S — {fy, xyz}. Much as in the previous paragraph, it 
is easy to see that 

((xyz) 2 ,(fy)-\(xyz)- 2 j y ) 
is a hamiltonian cycle in Cay(G/(a;z); S). Therefore, since 

{xyzf{fy)-\xyz)- 2 {fy) = zV" 1 



generates {xz), Corollary 2.8 tells us that 

((xyzf,(fy)-\(xyz)- 2 ,fy) Sp 
is a hamiltonian cycle in Cay(G; S). 

Subsubcase 3.2.2. Assume \S\ = 3. 



Subsubsubcase 3.2.2.1. Assume 5 n (A> x Z p ) 7^ 0. Then (from (9.2 1 and the fact that 
S n (x, z) = 0) we may assume f E S. There must be an element whose projection to both Dq and 
Z 3 k Z p is nontrivial. Since by assumption S does not contain any element of the form f e x z z k with 
k 7^ 0, we are left with two possibilities. 

• Assume fxy £ S. Because S generates G, the third element of S must be of the form J x l yz 
(or its inverse). Since S is minimal, this element must either be yz or fxyz. Thus, S is either 
{/, fxy, yz} or {/, fxy, fxyz}. In either case, taking s% = f and S2 = fxy we get that 



S1S2 = xy is of order 3 and (S — {si}) = (fx, y, z) is of order 6p, so clearly Lemma 2.18 
applies. 

Assume xy € S. Since S generates G, the third element of S must be of the form f x l yz 
(or its inverse). Since S is minimal, we must have £ = 0. There are three Cayley graphs to 
consider: 

o Suppose S = {f,xy,yz}. Taking si = (xy)^ 1 = x 2 y 2 and S2 = yz , we see that 



S1S2 = x 2 z is of order 3p and clearly \(S — {s 1 })| = 6. So Lemma 2.18 applies 
Suppose S = {f,xy,xyz}. Taking si = (xy) -1 — x 2 y 2 and s 2 == xyz, we se e that 
S1S2 = z is of order p, and (S 1 — {s^f 1 }) = (/, x, yz) has order 18. So Lemma 
applies. 



2.18 



Suppose S = {/, xy, x 2 yz}. Since G/(x, z) is abelian, it is easy to see that 

(/, (xy)~ 2 ,f, xy,x 2 yz) 
is a hamiltonian cycle in Cay(G/ (x, z);S). Therefore, since 

(f)(xy)- 2 {f)(xy)(x 2 yz) = x 2 z 
generates (xz), Corollary |2.8| tells us that 

(f, (xy)~ 2 ,f, xy,x 2 yz) 3p 
is a hamiltonian cycle in Cay(G; S). 
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Subsubsubcase 3.2.2.2. Assume S n (D 6 x Z p ) = 0. We must have an element of the 
form fx % yz k in S, so we can assume 

/ye S. 

In order to generate Dq, the set S must also contain an element of the form fxy^z k or xyi z k . 
Furthermore, the assumption of this paragraph implies j ^ 0, so we may assume j — 1, by passing 
to the inverse if necessary. 

• Suppose fxyz k g S. Since 5 is minimal and \ S\ = 3, we must have k = 0; that is, /xy £ 5. 
Then, because S generates G, the third element of S must be of the form f x i yz. If i j£ 0, 
then (/y, f e x l yz) = G, while if i = and 1=1, then (/xy, /yz) = G. These conclusions 
contradict the minimality of S, so there is only one Cayley graph to consider: we have S = 
{fy, fxy, yz}. Taking s% = fxy and s 2 = (/y) -1 = fy 2 , we get that S1S2 = x 2 is of order 



3, and (S — {si}) = (/, y, 2) is clearly of order 6p. So Lemma 2.18 applies. 

Suppose xyz k £ S. Since S is minimal and \S\ = 3 we must have k = 0, so a;y S S 1 . Then, 
because S generates G, the third element of S must be of the form f e x l yz. If i 7^ 0, then 
(/y, f e x l yz) — G, while if i = and ^ = 1, then (xy, /y^) = G. So there is only one Cayley 
graph to consider: we have S — {fy, xy, yz}. Taking si = fy and S2 = {xy) -1 = x 2 y 2 , we 



get that S1S2 = /x is of order 2 and (5 — {si}) = (x, y, z) is of order 9p. So Lemma 2.18 
applies. 



Subsubcase 3.2.3. Assume \S\ = 4. Since |G| = 18p is the product of only four prime 
factors, the order of the subgroup generated by any two elements of S must be the product of only 
two prime factors. It is easy to see that this implies every element of S belongs to either D 6 x {e} 
or {e} x (Z 3 x Z p ). Therefore, Cay(G; S) is isomorphic to 

Cay(£> 6 ;Si) x Cay(Z 3 x Z p ;S 2 ). 

Since the Cartesian product of hamiltonian graphs is hamiltonian, we conclude that Cay(G; S) has 
a hamiltonian cycle. 

Subcase 3.3. Assume G = (Dq x Z3) x Z p , where Dq and Z3 both act nontrivially on Z p . 
(Note that we must have p = 1 (mod3).) This implies z^ = z" 1 andz y — z r where r 3 = 1 (modp) 
(but r ^ 1 (modp)). 

Subsubcase 3.3.1. Assume \S\ = 2. 

Subsubsubcase 3.3.1.1. Assume S n (/, x, z) = 0. The generating set S must contain 
an element of the form fx % y'z k . By assumption, we must have j ^ 0, so we may assume j = 1. 
Then, conjugating by an element of (x, z), we may assume fy E S. 

To generate G, the second element of S must be of the form / xy- 7 z. By assumption, we must 
have f 7^ 0, so we may assume j' = 1. Therefore, there are only two possibilities, and we discuss 
each of them individually: 

• Suppose S = {fy,xyz}. Since ( K (fy)~ 1 ,(xyz)~ 2 ,fy,(xyz) 2 ) is a hamiltonian cycle in 

Cay(G/(x,2);S*),and 

(fy)~ 1 (xyz)~ 2 (fy)(xyz) 2 = xz < - r+1; generates (x,z), 



Corollary 



2.8 



tells us {(fy) 1 , (xyz) 2 , fy, (xyz) 2 ) p is a hamiltonian cycle in Cay(G; S). 
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• Suppose S = {fy, fxyz}. Since fxyz = fy (mod(a;, z)), it is obvious that ((fy) 5 , fxyz) 
is a hamiltonian cycle in Cay(G/(x, z); S). Then, since (fy) 5 (fxyz) = xz generates (x, z), 
Corollary 2.8 tells us that ((fy) 5 , fxyz) 3p is a hamiltonian cycle in Cay(G; S). 

Subsubsubcase 3.3.1.2. Assume S n (/, x, z) ^ 0. Since S fl (x, z) = 0, we must have 
S n f(x, z) 7^ 0. Then, conjugating by an element of (a;, z), we may assume / e S. To generate G, 
the second element of S must be of the form f £ xyz. 

• SupposeS* = {f,xyz}. Since (/, (xyz)~ 2 , /, (xyz) 2 ) is a hamiltonian cycle in C&y(G/{x, z); 
and 

f(xyz)~ 2 f(xyz) 2 — xz 2 ( r+1 ^ generates (x,z), 

Corollary 2.8 tells us that (/, (xyz)~ 2 , f, (xyz) 2 ) 3p is a hamiltonian cycle in Cay(G; S). 

• Suppose S = {/, fxyz}. We may assume 4r ^ —5 (modp) (by replacing y with its inverse, 
if necessary). Let 

= /, (fxyz)' 2 , f, (fxyz)- 3 , f, (fxyz) 3 , f, (fxyz) 2 , f, (fxyz)' 1 , /). 

Using the fact that r 2 + r + 1 = (modp), we calculate that the vertices of this walk are: 

i 2 -1 r 2 -2r— 2 2 2 -3r-l /■ 2 3r+l -3 

e, /xyz, x yz , fx z , x y z , fxy z° + , yz J , 
fxz-^\ y 2 z-^-\ fy 2 z 5r+ \ xz^ , fyz*-* xy 2 z^-\ 
fx 2 y 2 z 7r+1 , x 2 z 6r+s , fx 2 yz 7 - 2r , xyz 2r ~ 7 , fz^ 10 , z 8r+1 °. 

Then, by modding out (z), we see that this walk visits the vertices of G/Z p = D 6 x Z 3 in the 
order 

e, fxy, x 2 y, fx 2 ,x 2 y 2 , fxy 2 ,y, fx, y 2 ,fy 2 ,x, fy, xy 2 , fx 2 y 2 , x 2 , fx 2 y, xy, f, e, 

so it is a hamiltonian cycle in Cay(G/Z p ; S). Furthermore, from our assumption that 4r ^ 
—5 (modf>), we see that the final vertex z 8r + 10 is not trivial in G, so it generates (z). There- 
fore Coroll ary |2 . 8 | provide s a hamiltonian cycle in Cay(G; S). 

Subsubcase 3.3.2. Assume \S\ = 3. 

Subsubsubcase 3.3.2.1. Assume some element of S has order 6. Then S contains fy (or 
a conjugate). The only proper subgroups of G that properly contain fy are (/) x (Z3 k Z p ) and 
D 6 x (y). Thus, recalling the assumption that S n (x, z) — 0: 

• the second generator can be assumed to be yz, fz, or fyz, and 

• the third generator can be assumed to be fx, fxy, or xy. 

We consider each possible choice of the second generator. 

a. If yz E S, then any of the possible third generators can be used: 

• Suppose S = {fy, yz, fx}. Taking si = fy and s 2 = fx we get that sis 2 = xy is of 



order 3 and since (S — {si}) = (fx, y, z) has order 6p, it is easy to see that Lemma 2. 18 
applies. 
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Suppose S = {fy, yz, fxy}. Taking si = fy and S2 = fxy we get that S1S2 — xy 2 
is of order 3 and since (S — {si}) = (fx,y,z) has order 6p, it is easy to see that 
Lemma 2. 18| applies. 



Suppose S = {fy, yz, xy}. Taking si = fy and S2 = (xy) 1 we get that s\S2 = fx 2 is 



of order 2 and since (S — {s\}) = (x, y, z) has order 9p, it is easy to see that Lemma 2.18 
applies. 

b. If fz £ S, then, because (fz, fxy) = G = (fz, xy), there is only one possibility for the third 
generator: we have S = {fy, fz, fx}. Taking si = fx and S2 = fy we get that S1S2 = x 2 y 



is of order 3 and since (S — {si}) = (/, y, z) has order 6p, it is easy to see that Lemma 2.18 
applies. 

c. If fyz G S, then, because (fyz,fx), (fyz, fxy), and (fyz,xy) are all equal to G, none 
of the possible third generators yield a minimal generating set of G. So there are no Cayley 
graphs to consider in this case. 

Subsubsubcase 3.3.2.2. Assume no element of S has order 6. Then S contains / (or a 
conjugate). There must be an element of S that does not belong to D§ x Z p (that is, an element of 
the form f l x l yz k ). Because there is no element of order 6, we must have £ = 0, so the possibilities 
are: y, yz, xy, and xyz. However, we eliminate the last option, because (/, xyz) = G. 
We consider each of the remaining possibilities: 

a. Suppose y G S. The third generator must involve both x and z. Since (/, xyz) = G and since 
we assumed S n (x, z) — 0, there is only one possibility, namely, S = {/, y, fxz}. Taking 
s% = fxz and S2 = f we get that S1S2 = x 2 z~ 1 is of order 3p and since (S — {si}) = (/, y) 



has order 6, it is easy to see that Lemma 2.18 applies 



b. Suppose yz G S. The third generator must involve x. Since S does not contain an element 
of order 6, or any element of (x, z), and (/, xyz k ) = G for k ^ 0, the only possibilities are 
fxz k and xy. 

• Suppose S = {/, yz, fxz k }. Note that, because 

2(r 2 + r) + 2(r + 1) = 2(r + l) 2 # (modp), 

it cannot be the case that k + 2(r 2 + r) and k — 2(r + 1) are both modulo p. Therefore, 
(x, z) is generated by either 

(yz) 2 (f)(yz)- 2 (fxz k ) = xz k+2 ^+^ or (yz)- 2 (f)(yz) 2 (fxz k ) = xz k ~^ +1 \ 
so Corollary |2 . 8 1 tells us that either 

((yz) 2 , f, (yzr 2 ,fxz k ) 3p or ((yz)- 2 , f, (yz) 2 , fxz k f P 

is a hamiltonian cycle in Cay(G; S). 

• Suppose S = {f,yz,xy}. Since (xy)~ 2 f(yz) 2 f — irz~( r+1 ' generates (x,z), Corol- 
lary |Z8] tells us that 

((xyr 2 ,f,(yz) 2 ,f) 3p 
is a hamiltonian cycle in Cay(G; S). 
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c. Suppose xy £ S. The third generator must involve z. However, (xy, fx % y 3 z) — G, and 
(/, x % yz) is also equal to G if i 7^ 0. Since there is no element of the form x l z in S, this 
implies that the only possibility for the third generator is yz, so S — {/, xy, yz}, but this 
generating set was already considered in the preceding paragraph. 

Subsubcase 3.3.3. Assume \S\ —4. Some 3-element subset S' of S must generate G/Z p . 
Then, because S is minimal, we must have (S 1 ) = Dq x Z3 (or a conjugate). Since S' must be 
minimal, and 5" n (x) = 0, we must have S' = {/, fx, y}. 

Now the final element of S must be of the form f l x l y 3 z. Since S H (x, z) = 0, we know that £ 
and j cannot both be 0. 

• If £ 7^ 0, then either (fx,y,fx t y : >z) = G, or (f,y,f l x l y : >z) = G, depending on whether 
i is or not. 

. Ifj ^0,then (f,fx,f e x^z) = G. 

These conclusions contradict the minimality of S, so there are no Cayley graphs to consider in this 
case. □ 
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